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This project covers the basics of Financial Portfolio Management theory through stochastic optimization models.
Firstly, the concept of uncertainty is introduced and it is shown that stochastic models are more reliable than
deterministic models. After that, two different approaches for Financial Portfolio Management are explained.
In the first approach, the input data is uncertain and is represented by random variables but they are introduced
in the models in a deterministic way (taking the expectation or the variance). These are known as implicit
stochastic programming models, and the Markowitz model is the most representative one, together with Black-
Litterman model. They have been deeply analyzed in this thesis and a numerical application for Markowitz
has been shown. In the second approach, the input data is uncertain as well but it is directly introduced in the
model as random variables as the models consider explicitly this option. The thesis contains an introduction
to these explicit stochastic models and the modelling of a multistage stochastic model applied to Financial
Portfolio Management.
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Chapter 1
Introduction
Financial Portfolio Management is one of the most important applied mathematical fields in economics. It is
a key and basic thing to know how to invest your money wisely among all the different financial products that
can be obtained from the market. In the early 1930s, the concept of portfolio was very simple: for investors, a
portfolio was conceived as no more than a group of investments in some particular assets. Investors tried to find
the products that would bring them the best benefits, and the battle of portfolio strategy was more in getting
reliable information about each asset rather than taking in account the relationship between them.
However, this simple point of view changed in the moment that Harry Markowitz, a graduate student in
operations research, started to write his doctoral thesis. He realized that none of the economical literature
about asset and portfolios were taking in account the concept of the risk that it takes to open a position in a
given share by buying or selling shares. The article Portfolio selection was published in the Journal of Finance
in 1952, and the book Portfolio Selection: Efficient Diversification of Investments was published in 1959. In
those publications, Markowitz introduced what is know today as the Modern Portfolio Theory (MPT). It is
important to stress that MPT is a theory of diversification, in which we try to reduce the risk (measured by
volatility) by considering the relations between the market assets.
Over the last recent decades, the contributions to Financial Portfolio Management have increase and some
significant additions have been made like the Capital Asset Pricing Model (CAPM) or the Black-Litterman
model, which are based in Markowitz theory with some improvements in reliability and performance. In addition,
the improvement of CPU capabilities in computers as well as other technological developments have allowed to
use those complex models in real-life situations with large amounts of data to deal with.
Finally, the Great Recession (2008-today) has shake up every single economical activity in our globalised world.
While investigators continue developing generalist models and adapting some them to particular situations in
order to get accurate mathematical models, now a revision of the assumptions of the older models needs to be
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done from the experience of the financial crisis, which redefined the meaning of risk and important regulations
like the Basel accords. Consequently, this new situation opens new challenges in the field of Financial Portfolio
Management. But, as a starting point from a student perspective, it is needed to go to learn from the basis.
1.1 Motivations and goals
The motivation to do this thesis comes naturally from my interest about quantitative economy, which is the
field where I decided to start my professional career. I am actually working at the Treasury and Capital Markets
department of a consulting firm and I am doing a postgraduate course about quantitative methods for financial
markets.
With this project, I set three different goals. The first goal is to show that uncertainty brings realism to a
mathematical optimization model and that it is indeed better than determinism. The other ones are about
showing Financial Portfolio Management models based in stochastic programming techniques. The second one
is to develop the basics of Financial Portfolio Management with the approach of classical models like Markowitz
and Black-Litterman. The last goal is to give a brief review to the more modern and advanced stochastic
models, which incorporates uncertainty explicitly in the model. Numerical applications will be shown for the
first and second goals. The section of advanced stochastic models will have a practical part of modelling but
it will not have a numerical application since multistage stochastic models are very complex to solve and they
would require a whole thesis only for them as well as high-demanding software available, so this is out of the
scope.
Finally, I have an extra reason that motivates me to write this thesis. Financial Portfolio Management has a
mathematical background and is not included in the syllabus of none of the subjects of the Mathematics degree
imparted by the Polytechnic University of Catalonia. Consequently, I think that it I can enrich myself and all
my readers with the result of this work.
1.2 Guidelines of this thesis
This thesis is distributed in three parts, which are referred to the three goals that were set in the previous
section. The parts and the descriptions are the following ones:
• Determinism and uncertainty introduces a simple educational deterministic problem whose reliability
will be improved through a transformation to a stochastic problem that will be fully discussed. This section
brings us the basic core concepts about stochastic programming and some of the tools to face them. in
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addition, a compare between the deterministic and stochastic approach is done in order to show that
indeed the stochastic model is more reliable.
• Classic stochastic Financial Portfolio Management models develops the base core theory of
Financial Portfolio Management, with the representative Markowtiz model, which identifies the market
return as the expectation of some random variables and the risk as the standard deviation of them.
During the section, it is shown that Markowitz is not only a fairly-good model: it brings a geometrical
interpretation of the Financial Portfolio theory and some interesting applications like Capital Asset Pricing
Model, which is a model to price an asset comparing it with the market where it is allocated. Black-
Litterman model is explained in order to mitigate the fact that Markowitz model demands too much
information that might be difficult to get in practice and in order to fight against the fact that Markowitz
model does not allow subjective opinions. Black-Litterman transforms the random variable input from
a prior distribution to a posterior distribution through Bayesian statistic theory. Finally, a numerical
application of Markowitz model is done in order to show how it behaves in a real-life case.
• Advanced stochastic Financial Portfolio Management models shows the basics of this modern
and high-complex financial models that can be applied in order to solve financial portfolio asset allocation
problems. A detailed description for all the possible models is given, with the general formulation and
a particular example. As the closing of the thesis, a practical modelling of a real-life case is done, but
the model is not numerically solved since this needs advanced mathematics and high-demanding software
which is out of the scope of this thesis (in fact, solving it would take a whole thesis).
The end of this thesis contains an Appendix. There, I give access to the repository with all the virtual files that
have been used for this thesis, including this .pdf and the corresponding .tex files (compressed in a .zip file).
After, I attach the codes and the details about all the numerical applications shown in the project. Lastly, I
give a list of all the figures in the project.
Chapter 2
Determinism and uncertainty
As I mentioned during the objectives and guidelines of this thesis, we wish to model and solve a financial
decision-making problem through a mathematical optimization model. In order to understand the need of
uncertainty in our optimization models, we will firstly start by looking at a simple deterministic model. This
model is a complete adaptation of the classic news-vendor problem, which is explained in detail in [1].
2.1 A simple deterministic model
Imagine that there is a broker that wants to operate in a market of small private investors which do not have
facilities to access to the financial markets without having to pay excessive and abusive commissions. For the
sake of simplicity, we will assume that the broker is only interested in selling a particular share from a company.
He will not buy any shares from his clients (private investors) and we will not allow them to take short positions
in the market that he has created. So, in short, the broker only wants to give the private investors the chance
of buying shares at a slightly lower price that other brokers. Of course, the broker is intelligent and he will
not gift any share: since he has a more trustworthy reputation between big financial agents than the small
investors, he can get the shares for a cheaper price and then sell them to the investors adding a intermediary
commission fee. However, the broker wants to give some variety to his business so he wants to operate with
that particular share only one day (and in other days he will do the same thing with other shares from other
companies). Consequently, he will go to his big financial agent and will sell the shares that he did not sell to
clear his financial portfolio and have all the cash back on his bucket. We now make the following assumptions:
• The market between the broker and the big financial agents is liquid enough for the broker to buy as
many shares as he wants from a particular company and sell the shares that he did not sold to any small
investor at the end of the day.
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• The broker will buy shares from that particular company at a price P and, once again, he can buy as
many shares as he wants.
• The broker will sell the shares to the small investors at price P + a, where a > 0 is the intermediary
commission.
• The broker will clear his portfolio at the end of the day by selling the unsold shares at a price S in the
market of the big financial agents.
• Note that we assume that S < P , since the big financial agents are market makers and they win money
by the spread between bid and asked prices. So the broker has to be really focused in selling as many
shares as he can, because he will lose money for every unsold share at the end of the day.
• The broker knows P before he buys any share but he knows S as well because his dealer has promised
him that he will be keep him that selling price at the end of the day (it is unrealistic but we will assume
that the broker and its dealer are childhood friends). In addition, before starting the day, he sets the
intermediary commission a.
The broker needs the help of a mathematician in order to decide the quantity x of shares that he needs to buy.
After knowing P and S and deciding which commission a he will win, he thinks of a possible future demand
U of shares from the small investors. Note that U is a rough estimation based in his financial knowledge and
professional experience. Then, we can define the profit function as:
f(x, U) =

(P + a)x− Px = ax if x ≤ U
(P + a)U + S(x− U)− Px = (S − P )x+ (P + a− S)U if x ≥ U
Note that if the broker buys less shares than the expected demand, he will sell them all, but if he buys more
shares than the demand of the small investors, he will need to return x − U to his dealer in the big markets
at price S, lower than the one he paid for them (which is P ). Note that f(·, U) is a piecewise linear function
with , and each one of the pieces is a linear function with f(·, U) ∈ C∞(R+) since we have, for x = U , that
aU = (S − P )U + (P + a − S)U . If we calculate the first derivative of f(·, U) we get that the for x < U it is
positive and for x > U it is negative (we have that a > 0 and S−P < 0 by hypothesis). In fact, we just showed
that f is a concave function. Therefore we get the maximum profit by choosing xˆ = U . That is logical: if we
know the demand of the small investors, we want to buy just as many shares as the demand. If we buy less
shares than U we are losing the chance to make money, but if we buy more shares than U then we are losing
money by returning shares to the broker’s dealer at a lower price.
Nonetheless, in real life we cannot assume that we know the value of U before any transaction is done since U
can depend in several factors that we do not control. Uncertainty will improve the realism of this problem.
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2.2 Adding uncertainty to our simple model
In order to help the broker, it is sure that we will need to advice him without knowing U . But, instead of
fixing it as a value, we can set it as a random variable U : X −→ Ω, where X can be seen as the probabilistic
set of all the possible outcomes in the environment of this problem that determine the value of U , that now is
a function. Let us assume that we can identify the distribution of U , maybe because we have historical data
about our activiy as brokers dealing with other kind of similar shares.
So let H be the cumulative distribution function of U , that is H(w) = P(U ≤ w), where H(w) = 0 if w < 0
since U the demand of shares in our problem cannot be negative (therefore we assume that the small investors
cannot take short positions, so we only have long positions). We assume that H is continuous in all its domain.
Now, f(x, U) is another random variable and, since f is measurable, we can calculate its expected value.
But now, what is our optimization problem? The law of the large numbers ensures that the average of the
realizations of a random variable tends to the expected value. Therefore, if f(x, U) gave us the profit of the
broker when U was a constant value, now E(f(x, U)) tells us the average profit of the broker, which is a function
of x, that is, g(x) = E(f(x, U)). Now, it seems logical to maximize g(x) in order to maximize the average profit.
Therefore our very first stochastic model would be:
maximize g(x) = E(f(x, U))
subject to x ∈ R+ = {x : x ≥ 0}
Now, we are going to solve this optimization problem analytically, but for doing that we will assume that U is
a continuous random variable (which is not a bad approach if the numbers of the problem are large). Using the
Riemann-Stieljes representation we get that E(f(x, U)) =
∫∞
0
f(x, z) dH(z).
Like in the previous case, we have a one-dimensional function that allows derivatives (since both H and f are
continuous):
g(x) =
∫ x
0
((S − P )x+ (P + a− S)z) dH(z) + ax
∫ ∞
x
dH(z)
Now, we will do integration by parts in the first integral with the following choices:
u = ((S − P )x+ (P + a− S)z), du = (P + a− S)dz, dv = dH(z), v = H(z)
Then we get the following expression:
∫ x
0
((S − P )x+ (P + a− S)z) dH(z) = [(S − P )x+ (P + a− S)z]H(z)
∣∣∣x
0
− (P + a− S)
∫ x
0
H(z)dz
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We take into consideration that H(∞) = 1 by definition of cumulative distribution function. In addition,
H(0) = 0 because U is a continuous random variable and H(z) = 0 if z < 0, so we are adding only a point
which has measure zero to the integral and the result is not affected. Now:
∫ x
0
((S − P )x+ (P + a− S)z) dH(z) = ax H(x)− (P + a− S)
∫ x
0
H(z)dz
And, finally:
g(x) = ax H(x)− (P + a−S) ∫ x
0
H(z)dz+ ax
∫∞
x
dH(z) = ax H(x)− (P + a−S) ∫ x
0
H(z)dz+ ax(1−H(x)) =
ax− (P + a− S) ∫ x
0
H(z)dz
Now, as we want to maximize g(x), we calculate its first derivative (it exists by the definition of f and H):
g′(x) = a− (P + a− S)H(x)
And, since we want to find the maxima, then we impose that g′(x) = 0 and we get that the number of shares
that the broker needs to buy from the dealer is xˆ = H−1( aP+a−S ), where H
−1(τ) is the quantile function that
is well defined for τ ∈ (0, 1), which is true in our case since aP+a−S = a(P−S)+a where (P − S) + a > a because
P > S by the definition of the problem.
2.3 Comparing the deterministic and stochastic approaches
In this section we will see how the stochastic model is more accurate and brings better solutions, something that
will stress the need of uncertainty. First of all, note what would happened if he decide to force our stochastic
model to be deterministic by picking E(U) = uˆ instead of U . Our deterministic optimization model would be:
maximize g(x) = f(x, uˆ)
subject to x ∈ R+ = {x : x ≥ 0}
This model is exactly the one that we discussed in (2.1), which has the solution xˆ = uˆ. In fact, if U is a constant
random variable we would get the same optimization problem as well without taking any expectation. In short,
we can see the deterministic approach as a simplified problem of a more general problem which is the stochastic
one.
But, in this particular problem, we can say even more; since f is a concave function, the Jensen’s inequality is
hold so that means that f(x, uˆ) = f(x,E(U)) ≥ E(f(x, U)), and in particular we have that in the deterministic
approach we will always get a greater solution (that is, a greater amount of shares to buy) than in the stochastic
problem. This is a reasonable fact because the deterministic problem is equivalent as considering that U is a
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constant random variable, therefore it assumes that the variance is zero and that gives optimistic and biased
upwards solutions.
2.4 Example: The broker problem with Banco Santander shares
Let us assume that the broker is interested in operating with Banco Santander shares. The share’s price at the
end of the session of the 1st of June 2015 was of 6.46 euros per share. The broker contacts with a dealer and he
gives him the following prices: for the 2nd of June 2015 the broker will be able to buy shares from the dealer
at P = 6.48 euros and sell them at S = 6.42 euros. Now, the broker decides to set a commission of a = 0.02
euros for the small investors, so the broker is selling the Banco Santander shares at price P + a = 6.50 euros.
Now, the broker only needs to imagine how the demand U is distributed, and he ask us to help him.
We decide that, for explaining the demand, we will look at the volume of that share in the market for each
day in the last one and a half months (that is, from the 14st of April until the 1st of June) and, day by day,
we will compare it with the total volume in IBEX35. We will divide the volume of Santander by the volume
of IBEX35 and we will get an estimator of the proportion of investors that operate in the Spanish market that
are interested in Banco Santander shares. We will assume that the proportions can be adjusted as a normal
distribution N(µ, σ2), where we will calculated µ and σ by computing the mean and standard deviation of the
list of proportions. Finally, we will have that U = A ·N(µ, σ2) will be our demand distribution, where A is the
total number of calls that the broker will receive from the clients (assuming, of course, that the clients can only
buy one share per call). We will set A = 1000.
You can see the detail in all the calculations in the (6.2) section of the Appendix. We get that µ = 0.2818,
σ = 0.0929 and therefore U = A · N(0.2818, 0.28182). Now, the solution of the deterministic model would
be xˆ1 = 1000 · µ = 281.8 ≈ 282 shares to buy, while the solution of the stochastic model would be xˆ2 =
1000 ·H−1( 0.020.08 ) = 1000 ·H−1(0.25) = 219.2 ≈ 219 shares to buy, where H−1 is the quantile function related to
the normal distribution N(0.2818, 0.28182). As Jensen’s inequality ensured, the deterministic solution is greater
than the stochastic one.
Finally, in the 2nd June 2015, the Banco Santander shares volume was of 53296400 and the IBEX35 volume was
of 232391400, so the proportion was about 0.2293, therefore the demand from the private investors could have
been of about 229 shares. Taking this into account, if the broker followed the deterministic solution (buying 282
shares) he would have won (S − P )x+ (P + a− S)U = (−0.06)282 + (0.08)229 = 1.4 euros, but if he followed
the stochastic solution (buying 219 shares) he would have won ax = 0.02 · 219 = 4.38 euros.
Note that the difference between the two solutions is significant: in the deterministic approach, we give a too
optimistic solution which forces us to have a lot of unsold shares (and we are losing money for each of them).
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However, in the stochastic approach we get very close to the real demand of the small investors, and we get
benefit of each share that we buy from the big financial agents. In addition, the quantiles are way more stable
and robust to perturbations, so if we would like to modify some of the data provided we would get a better
performance with the stochastic model as well.
Nonetheless, doing only one simulation (with the demand of the 2nd of June) is not enough. It is true that,
for this particular case, the stochastic solution was better than the deterministic one, but: what if the opposite
situation happens? Does this necessarily mean that our discoveries are a failure? 2nd June can be a bad day
where we can have bad luck.
Consequently, in the following two sections, we will perform a more complex test (with the same Example) with
multiple simulations:
• Firstly, we will expand our historical sample of the proportions of investors interested in Banco Santander
shares from one month and a half to one year.
• Secondly, a Goodness of Fit test will be done in order to know the best distribution that fits with the
expanded historical data (since assuming, as we did, that the distribution is normal might be wrong!).
• Lastly, a Monte Carlo simple method will be executed, with 1000000 simulations, in order to show in
which ones the stochastic model was better than the deterministic one.
2.5 Expanding the data and modelling the demand in the Example
In order to confirm what the Example showed (that the stochastic model gives better results than the deter-
ministic one), we performed a more reliable and complex execution of it.
First of all, we imported the volumes of Banco Santander shares and IBEX35 from 1 year (instead of one and
a half months) to a .csv file, which in my case was read by RStudio, which is the R Intregrated Development
Environment (IDE) that I used. After this, the division was done in order to get an estimation of the proportion
of investors that are interested in Banco Santander shares. Consequently, we have as much proportions as
volumes per each day. After that import, a distribution fitting test was done in order to know which distribution
is the best one for the data that we are managing. The following skewness-kurtosis plot was obtained:
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Figure 2.1: Skewness-kurtosis values for the empirical distribution compared versus some theoretical distribu-
tions
In the following plot (which is known as the Cullen and Frey graph), it can be seen skewness-kurtosis of the
empirical distribution as a blue dot, and there it can be observed some values or areas (depending on the
distribution) of theoretical distributions (whose parameters are unknown for us at the moment) in order to see
which ones is closer to our data. Further information about Cullen and Frey graph can be found at their book,
referenced in [2].
In our case, it is not clear, from a graphical point of view, which one of the distributions has the better fit with
our data. The distribution of the points fits good with the trajectory of the gamma and lognormal lines, but the
range of points is contained in the beta grey band as well. In addition, we should consider weibull distribution
since it is similar than gamma and lognormal. Therefore, we will find the best parameters for each theoretical
distribution (normal, weibull, beta, gamma, uniform, logistic, exponential and lognormal) with the a R package
called ”fitdistrplus”, and after that, a comparison between the theoretical distribution with fixed parameters
and the empirical one will be done by looking at four specific graphs:
• A first graph that compares the theoretical and empirical probability density functions.
• A second graph that shows the Q-Q plot, where the quantile functions of the theoretical and empirical
distributions are compared face-to-face, so if F1(z) is the theoretical cumulative distribution function and
F2(z) is the empirical one, then we have plot the points (F
−1
1 (p), F
−1
2 (p)), where p ∈ [0, 1].
• A third graph that compares the theoretical and empirical cumulative distribution function.
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• A fourth graph that shows the P-P plot, where the theoretical F1(z) and empirical F2(z) cumulative
distribution functions are taken and the points (F1(z), F2(z)) are plotted in their range, which obviously
is [0, 1]× [0, 1] by the definition of the range of F1 and F2, which are probabilities.
The results are the the following ones (where the best parameters for each distribution are specified below each
graph):
Figure 2.2: Analysis versus N(µ = 0.2888727, σ2 = 0.1224012)
Figure 2.3: Analysis versus Weib(λ = 2.427976, k = 0.325961)
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Figure 2.4: Analysis versus Beta(α = 4.227936, β = 10.162521)
Figure 2.5: Analysis versus Γ(α = 7.223513, β = 25.006381)
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Figure 2.6: Analysis versus U(a = 0.07732883, b = 0.85744441)
Figure 2.7: Analysis versus Logistic(µ = 0.26931287, s = 0.06027901)
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Figure 2.8: Analysis versus Exp(λ = 3.461732)
Figure 2.9: Analysis versus ln N(µ = −1.3125828, σ2 = 0.3606403)
In the graphics above, it can be observed that the uniform, exponential and normal distributions are very bad
approximations. The weibull, beta and logistic are better ones, but they are a little bit behind the lognormal and
gamma distributions, which are the ones that are the most reliables in their four-graphs figures. Remember than
those two distributions were ones with the better look in Cullen and Frey graph, so the analysis is consistent.
In order to make a final decision between Γ(α = 7.223513, β = 25.006381) and ln N(µ = −1.3125828, σ2 =
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0.3606403), a measure for a statistical model quality will be used. The chosen measure will be the Akaike
information criterion (AIC), which takes into account the number of parameters that we are approximating for
each theoretical distribution and its maximized value for the likelihood function. I chose this criterion because,
in order to give the parameters of each distribution, the R package that I used is using maximul likelihood.
The lesser the Akaike information criterion is, the better the theoretical distribution fits the empirical one. For
further information about Akaike information criterion, the reference [3] can be consulted. The table below
shows the AIC values for all the eight distributions that we analysed:
Theoretical Distribution AIC value
Normal -338.1193
Weibull -364.6926
Beta -377.0654
Gamma -427.3495
Uniform NA
Logistic -381.7859
Exponential -119.3681
Lognormal -454.5863
Here, the qualitative results that were observed by us in the graphics are confirmed in a quantitative way: the
best two theoretical distributions are indeed the gamma and lognormal ones, but the best according to AIC is
ln N(µ = −1.3125828, σ2 = 0.3606403). Similarly, we could have performed other Goodness of Fit tests like
the Kolmogorov-Smirnov test, which should bring us to the same result.
2.6 Monte Carlo method for the Example
Now that we have that the best distribution for the demand is ln N(µ = −1.3125828, σ2 = 0.3606403), we
get that the solution of the deterministic model is just E(ln N(µ = −1.3125828, σ2 = 0.3606403)) = 0.287207,
therefore the deterministic model will ask us to buy approximately 287 Banco Santander shares per each day.
On the other side, the stochastic model gives us the solution H−1( 0.020.08 ) = H
−1(0.25) = 0.211014 (where H−1
now is the quantile function of the lognormal distribution), which advices us to buy approximately 211 shares.
In order to verify which is the best one, we will generate 1000000 random values vi of ln N(µ = −1.3125828, σ2 =
0.3606403) and in each iteration, we will compare f(287, vi) and f(211, vi) (where f is the profit function) in
order to see what choice of the demand makes the greater profit. In addition, we will give the Profit and Loss
(known as P&L) of each solution if we followed them in all the 1000000 iterations.
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The details of the simulation can be seen in the (6.3) section of the Appendix. The results of the Monte Carlo
experiment are the following ones:
Type of model Times the profit was greater with this model
Deterministic 496089
Stochastic 503911
Given the following results, it is clear that the stochastic model brings the better choice in overall for any
possible proportion of shares demand by the investors, but it is only about 50,39% vs 49,61%. Does it worth to
do all this hard work in order to get such an small gap? The thing is that we only talked about which was the
best decision on each iteration, but we did not talk about the reliability of each model through all the 1000000
simulations. The numbers says it all:
Type of model P&L of the model through 1000000 simulations
Deterministic 2452889.05 euros
Stochastic 3450254.21 euros
This incredible result shows how much uncertainty worths in any optimization model, as we are increasing our
P&L by a 40’66%. The P&L here is very useful to show that the stochastic model is more consistent, reliable
and safer. It does not bring a lot of more benefits in every marginal simulation, but if we count the overall
benefit we see that it handles widely better the bad streaks that might happen all over the process:
Min. 1st Qu. Median Mean 3rd Qu. Max
-13.53 -0.36 4.30 2.45 5.74 5.74
Figure 2.10: Summary of the benefits all over the iterations with the deterministic model
Min. 1st Qu. Median Mean 3rd Qu. Max
-8.96 4.21 4.22 3.45 4.22 4.22
Figure 2.11: Summary of the benefits all over the iterations with the stochastic model
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Figure 2.12: Histogram of the benefits of the deterministic model through the simulations
Figure 2.13: Histogram of the benefits of the stochastic model through the simulations
2.7 Improvements in our simple stochastic model
It has been shown that our model works in a reasonable way. Nonetheless, we are maybe interested in modify
it a little bit according to some possible needs.
2.7.1 Controlling the volatility. Advanced stochastic function to maximize
Even if the problem developed in (2.2) gives us the optimal amount of shares to buy, it is possible to have a
very bad day if the random variable U takes an extreme value. In that kind of situations, we can potentially
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lose a lot of money. In order to mitigate this possibility to happen, we will modify our stochastic function that
is maximized in the model in the following way:
maximize g(x) = E(f(x, U))− αV ar(f(x, U))
subject to x ∈ R+ = {x : x ≥ 0}
Where α ≥ 0 is a weight factor that models how much importance do we give at the volatility of the demand
(where α = 0 gives us to the (2.2) model).
2.7.2 Asking for a minimum profit. Stochastic constraint
Starting from the model (2.2), we could be interested in ensuring a minimum benefit m, even if that modification
of the model can ”sacrify” potential bigger gains. However, since U is a random variable, we cannot impose to
win m as a deterministic constraint. Since uncertainty comes into play, the natural choice is to set a level of
confidence 1 − β, where β ∈ (0, 1), typically very close to zero, and to impose that the benefits are at least m
with probability no less than 1− β. In this case, we get the following model:
maximize g(x) = E(f(x, U))
subject to x ∈ R+ = {x : x ≥ 0}
and P(f(x, U) ≥ m) ≥ 1− β
From the definition of f , x must be as big as that ax ≥ m. Having this into account, we get that:
P(f(x, U) ≥ m) = P((P + a− S)U + (S − P )x ≥ m) = P(U ≥ (P−S)x+mP+a−S )
Since we imposed that P(f(x, U) ≥ m) ≥ 1 − β, using the quantile function of U , which is H−1, we get that
P(U ≥ (P−S)x+mP+a−S ) ≥ 1 − β is equivalent to (P − S)x + m ≤ (P + a − S)H−1(β), where we got a constraint
which can be treated in a ”deterministic” way without losing the essence of the stochastic need.
For further details of these new improved models, you can see [1].
Chapter 3
Classic stochastic Financial Portfolio
Management models
Since the creation and development Modern Portfolio Theory (MPT), which includes the idea of risk and
diversification as a way to improve the return of a portfolio in a particular market, several mathematical models
appeared. Probably the two most important ones are the Markowitz mean-variance model (which is the starting
point of the MPT) and the Black-Litterman model, which will be analysed in this section.
3.1 Basics of the optimization models
After studying a simple problem where uncertainty is introduced, now it is needed to explain the basic concepts
that will appear through the portfolio optimization models that will be discussed in the following sections.
3.1.1 Asset, return and rate of return
An asset is a financial item which entails an economic value that may change all over the time. Assets are
owned by companies, countries or particular investors. Assets are the ”core” of any financial instrument, and
we can think about them as the basic ”unit” where we can invest our money.
In a discrete interval of time [0, T ] 3 t, the value of an asset Ai can be described as the stochastic process
V i := {V it ≥ 0, t ∈ [0, T ]}. The return of an asset Ai between s1 and s2 (where s1, s2 ∈ [0, T ]) is defined as
Ris1→s2 =
V is2
V is1
. The rate of return of an asset Ai is similarly defined as ris1→s2 =
V is2
−V is1
V is1
. In fact, we have the
following relationship between return and rate of return: ris1→s2 = R
i
s1→s2 − 1. Note that it always holds that
Ris1→s2 ≥ 0 and ris1→s2 ≥ −1.
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3.1.2 Risk-free asset
A risk-free asset is an asset that gives a certain future positive return to the owner of it. The most typical
risk-free assets are bonds of sovereign debt, where the governments of the countries ensure the viability of the
asset. The fact that there is no risk makes the returns of the risk-free assets to be, in practice, really close to
the interest rate.
From the definition of a risk-free asset Ai, we get that Ris1→s2 ≥ 1, since V it−1 ≤ V it ∀t ∈ [0, T ]. Consequently, it
can be deduced that risk-free assets always have a non-negative rate of return; that is ris1→s2 = R
i
s1→s2 − 1 ≥ 0.
Typically, the return of a risk-free asset is fixed by the issuer and known by the long-position counterparty
before the transaction is done. The return is given proportionally to the time that the buyer owns the asset.
3.1.3 Risk and risky asset
Financial risk can be defined as the possibility for an investor (which might be individual, a corporation or
even a government) to lose money after closing positions that he previously opened in a particular market. The
volatility of the prices is the reason that explains risk.
A risky asset is an asset that carries financial risk, that is, its economical value entails volatility. The economical
value of an asset changes because of several factors related to the market where it is being bought or sold. For
a risky asset Ai we no longer have a relationship between V it−1 and V
i
t like in the risk-free assets. Now, r
i
s1→s2
can be negative.
While the concept of risk throw difficulties in any financial model, we need risk because risk implies volatility,
and volatility implies higher potential returns (and definitely bigger than the returns of a risk-free asset). A
good management of the risk of the assets of an investor can bring big benefits, which is the main goal of
financial portfolio management models.
3.1.4 Market and portfolio
A market is a place where buyers and sellers trade risk-free and risky assets. Behind every financial market
there is an organization that safeguards the transparency, fair regulatory laws and good working of the market.
A portfolio is a grouping of different (risky and risk-free) assets from a particular market, where the investor
has opened positions in those assets.
In our case, we will operate in a particular marketM where there are A0, A1, ..., AI different assets to be bought
and sold. Imagine that we are going to setup a portfolio with an available amount of money of X. We will set
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weight variables wi to express the proportion of money from X that we want to invest in the asset Ai. From
the definition of weight variables, we need that
∑I
i=0 wi = 1. Note that if a particular asset Ar is not included
in our portfolio, we will have that wr = 0. In addition note that, at least initially, wi can be either positive or
negative. If wi < 0 it means that we are short-selling this asset, while if wi > 0 it means that we are in a long
position. The possibility of ”playing” with short positions can be avoided by adding hat wi ≥ 0 ∀i ∈ [0, I], and
the inclusion of this condition will depend in the policy strategy of the portfolio manager.
Another important fact is that our portfolios will only contain (at most) one risk-free asset (if his weight wi is
different from zero. The reason for that is that, since risk-free assets have zero covariance between any other
asset and P(Ris1→s2 < 1) = 0, if we have more than one risk-free asset, it will be automatically chosen the
risk-free asset with the highest return (since the return of risk-free assets is known) and the other ones will be
rejected. For this reason, by convention it will be assumed that a marketM with assets A0, A1, ..., AI only has
one risk-free asset which will be A0. The risk-free asset can be seen as a deposit where invest cash or a bank
where to borrow money. If you take a proportion of w0 < 0 you are taking a short position and therefore you
are getting X · |w0| that you will need to return when you close yor position (with the interest denoted by the
return R0s1→s2). However, if w0 > 0, then the opposite situation happens; you are investing money and you will
get the money and the interests when the position is closed.
3.1.5 Invested amount of money and portfolio returns
Following the notation of the previous sections, if we have a quantity X of money and we take part in a market
M taking proportional positions wi in the market assets Ai, then the total amount of invested money at time
s1 will be
∑I
i=0X · wi = X
∑I
i=0 wi = X, so we are investing all the money that we have, as it is optimal way
to maximize benefits. Later on, in the advanced stochastic models, it will be introduced liquidity constraints
that forces us to hold money for any possible payment we might do from s1 to s2.
The return of a portfolio from s1 to s2 is no more than a linear combination (with the weights wi) of the returns
of the assets where we are opening positions. Explicitatly, the return of a portfolio between s1 and s2 is defined
as Rs1→s2 = R
0
s1→s2w0 +
∑I
i=1R
i
s1→s2wi, where the risk-free asset is typically separated from the other risky
ones in order to stress its different behaviour.
3.2 The Markowitz mean-variance model
LetM be a market which contains several risky assets Ai ∈M, where 1 ≤ i < I (where I is the total number of
risky assets in the market) and A0 is the risk-free asset. Let s1 be the present time, where we want to construct
a portfolio, and s2 the time until we want to hold that portfolio before making any modification. Let’s assume
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that at s1 we have a total amount of cash of X to invest in the assets Ai of the market M For the sake of
simplicity, let’s set that Ris1→s2 =
V is2
V is1
≈ Ri, since we fixed the period of time to consider for this problem.
Therefore, for each asset Ai, we have the returns R
i, which are random variables. In particular, R0 ≥ 1 is a
constant random variable. The random vector ξ = (R0, R1, ..., RI) is introduced as the one associated with the
I + 1 returns, and the deterministic vector ω = (w0, ..., wI) is the one that contains the I + 1 weights of the
portfolio in each asset.
Now, we wish to know what weights wi are needed to be chosen in order to get the best theoretically possible
benefit at s2. This is the main motto of every single Financial Portfolio Management portfolio. The return of
the portfolio in the simplified notation will be R = ξT · ω = R0w0 +
∑I
i=1R
iwi. Notice that R is a random
variable, but it is complicated to know its distribution even if someone knows the distribution of Ri since no
assumptions of independence can be done.
In order to select the weights, Markowitz proposed a model where he matched the average return with the
volatility of the portfolio. A surrogate for the average return is the mathematical expectation of the random
variable R, which is E(R) = E(ξ)T ·ω = E(R0)w0 +
∑I
i=1 E(Ri)wi. In a similar way, the measure of the variance
is taken as the measure of volatility. For getting V ar(R), we first denote V ar(ξ) = Σ = E[(ξ−E[ξ])T (ξ−E[ξ])]
as the variance of the random vector ξ, which is a matrix (known as well as covariance matrix). Now, V ar(R) =
ωTΣω.
Finally, with all these elements, Harry Markowitz proposed two versions for the very first Financial Portfolio
Management model of the MPT. Each version depends in the fund manager policy, and these are the following
two ones:
1. The fund manager can be interested in having an target return of µR, where he wishes to have the lesser
possible variance for that condition. This brings to the model:
minimize V ar(R) = ωTΣω
subject to E(R) = E(ξ)T · ω = E(R0)w0 +
I∑
i=1
E(Ri)wi = µR
and w0 +
I∑
i=1
wi = 1
and (if no shorting is allowed) wi ≥ 0 ∀i ∈ 0, 1, ..., I
2. The fund manager can be interested in having a willingness of σ2R to the variance of his portfolio, where
he is interested in having as much benefits as possible. This can be read as the following model:
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maximize E(R) = E(ξ)T · ω = E(R0)w0 +
I∑
i=1
E(Ri)wi
subject to V ar(R) = ωTΣω = σ2R
and w0 +
I∑
i=1
wi = 1
and (if no shorting is allowed) wi ≥ 0 ∀i ∈ 0, 1, ..., I
The analysis of the two versions is analogous therefore we will take the first version as the one to study. As a
remark, it could be possible for us to consider probabilistic constraint. The fund manager could be interested
in having an expected portfolio return of at least µR with a confidence level of 1 − β, where β ∈ (0, 1). With
that condition in mind, the optimal procedure would be to minimize the variance of the portfolio in order to
mitigate any possible risk of loss, a fact which brings to the following model:
minimize ωTΣω
subject to P(R ≥ µR) = P(R0w0 +
I∑
i=1
Riwi ≥ µR) ≥ 1− β
and w0 +
I∑
i=1
wi = 1
and (if no shorting is allowed) wi ≥ 0 ∀i ∈ 0, 1, ..., I
The probabilistic constraint can be converted into a deterministic one by considering the normalization of
the random variable of the return of the portfolio R and, once again, the quantile function, as shown in [4].
If we donete ϕ = R−E(R)√
V ar(R)
= ξ
Tω−E(ξ)Tω√
ωTΣω
as the normalization of the random variable R, then we get that
P(R ≥ µR) = P( R−E(R)√
V ar(R)
≥ µR−E(R)√
V ar(R)
) = 1 − H( µR−E(R)√
V ar(R)
) where H is the cumulative distribution function of
the normalized portfolio return. Then the constraint becomes:
P(R ≥ µR) ≥ 1− β ⇔ 1−H( µR−E(R)√
V ar(R)
) ≥ 1− β ⇔ H( µR−E(R)√
V ar(R)
) ≤ β ⇔ µR−E(R)√
V ar(R)
≤ H−1(β)⇔ µR − E(ξ)Tω ≤
H−1(β) ·
√
ωTΣω
Where we used the quantile function denoted by H−1. Finally, the model becomes:
minimize ωTΣω
subject to µR − E(ξ)Tω ≤ H−1(β) ·
√
ωTΣω
and w0 +
I∑
i=1
wi = 1
and (if no shorting is allowed) wi ≥ 0 ∀i ∈ 0, 1, ..., I
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However, this model will not be discussed, as it is an stochastic model that involves uncertainty in a different
way than the two previous model, which were the original ones proposed by Markowitz. More details about
stochastic models similar than this one with the probabilistic constraint can be found in the next chapter of
this thesis.
3.2.1 Analytical solution for the risky asset Markowitz model
Consider the very first shorting-allowed version of the Markowitz model, which is the following quadratic
program:
minimize V ar(R) = ωTΣω
subject to E(R) = E(ξ)T · ω = E(R0)w0 +
I∑
i=1
E(Ri)wi = µR
and w0 +
I∑
i=1
wi = 1
From the analytical procedure to solve this problem, a lot of important financial concepts can be obtained and
learned. The complete details of some of the aspects of this chapter can be found in [5] and [6]. In order to
arrive to the solution of the model above, it is better to start even from a simpler model without a risk-free
asset:
minimize V ar(Rˆ) =
1
2
ωˆT Σˆωˆ
subject to E(Rˆ) = E(ξˆ)T · ωˆ =
I∑
i=1
E(Ri)wi = µR
and
I∑
i=1
wi = 1
Note that, with the notation above, R = R0w0 + Rˆ, ω = (w0, ωˆ), Σ =
0 0
0 Σˆ
 and ξ = (R0, ξˆ). Note that
there is a 12 in the objective function that does not alter the problem behaviour and its solutions. The reason
why I put it there will be immediately understood. Following the Karush-Kuhn-Tucker conditions (where we
use the Lagrangian function, where α and ν are the parameters of the constraints), it is enough to have a global
minima that:
Σˆωˆ − αE(ξˆ)− ν1 = 0 (3.1)
E(ξˆ)T wˆ − µR = 0 (3.2)
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wˆ1− 1 = 0 (3.3)
Here, 1 denotes the unitary vector. Assume that Σˆ is an invertible matrix. If Σˆ−1 exists, then (3.1) becomes:
ωˆ = αΣˆ−1E(ξˆ) + νΣˆ−11
This expression gives us the solution of the problem, where we just need to know the values of the parameters
α and ν. Those two can be found using the other conditions (incorporating the expression of wˆ into them),
which brings to the following system of equations:
E(ξˆ)T Σˆ−1E(ξˆ) E(ξˆ)T Σˆ−11
E(ξˆ)T Σˆ−11 1T Σˆ−11
 ·
α
ν
 =
µR
1
 (3.4)
This system can be solved if the determinant of the matrix is different from zero, so if:
A B
B C
 =
E(ξˆ)T Σˆ−1E(ξˆ) E(ξˆ)T Σˆ−11
E(ξˆ)T Σˆ−11 1T Σˆ−11

Then we want to verify that D = AC−B2 6= 0. Even if it looks strange at the first sight, we just need to verify
that Σˆ is a positive definite matrix (and, if that is true, then by the definition of positive definite matrix Σˆ−1
will be positive definite as well). But since Σˆ is a covariance matrix, by default is positive semidefinite matrix,
and since we are assuming that Σˆ−1 exists, then Σˆ is not singular, therefore we have indeed a fully positive
definite matrix (both Σˆ and Σˆ−1).
Now, we take the vector v = BE(ξˆ) − A1 = E(ξˆ)T Σˆ−11E(ξˆ) − E(ξˆ)T Σˆ−1E(ξˆ)1, which is different from zero
if E(ξˆ) 6= 1. By the fact that Σˆ−1 is positive definite, it must follow that 0 < vT Σˆ−1v = [E(ξˆ)T Σˆ−11E(ξˆ) −
E(ξˆ)T Σˆ−1E(ξˆ)1]T · Σˆ−1 · [E(ξˆ)T Σˆ−11E(ξˆ) − E(ξˆ)T Σˆ−1E(ξˆ)1] = A2C − B2A = A(AC − B2) = AD, therefore
we got that D 6= 0 and the system admits solution. In addition, since A = E(ξˆ)T Σˆ−1E(ξˆ) > 0 because Σˆ−1 is
positive definite, it is deduced that D > 0.
Lastly, the inverse matrix of the system (3.4) exists and then we get the values of the parameters α and ν just
by multiplying at both sides in (3.4) by the inverse matrix:
α
ν
 = 1
AC −B2
 B −C
−C A

µR
1
 (3.5)
The solution of (3.5) is α = CµR−BAC−B2 and ν =
A−BµR
AC−B2 . Consequently, the final value for ωˆ is:
ωˆ = CµR−BAC−B2 Σˆ
−1E(ξˆ) + A−BµRAC−B2 Σˆ
−11
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This is the final solution that we were looking for in our simple model without the risk-free asset (and with the
allowance of short positions). It is said that the portfolio that minimizes the variance for a given target return
of µR (that is, a mean-variance portfolio) is known as a frontier portfolio. Note that, for each given µR, we
do have a frontier portfolio. In fact, ωˆ explicitly depends on µR. Two different frontier portfolios might have
different variance, and this motivates a geometrical interpretation of the Markowitz problem. Now it will be
explained the key points, but if you want to take further look, [7] can be seen. In order to discover the powerful
geometry behind this problem, firstly note that, in the expression of ωˆ, it is possible to rearrange the it in the
following way:
ωˆ = CµR−BAC−B2 Σˆ
−1E(ξˆ) + A−BµRAC−B2 Σˆ
−11 = 1AC−B2 (AΣˆ
−11−BΣˆ−1E(ξˆ)) + µR 1AC−B2 (CΣˆ−1E(ξˆ)−BΣˆ−11) =
ωˆp1 + µRωˆp2
Where it can be verified that ωˆp1 =
1
AC−B2 (AΣˆ
−11 − BΣˆ−1E(ξˆ)) and ωˆp2 = 1AC−B2 (CΣˆ−1E(ξˆ) − BΣˆ−11)
are feasible weights of the optimization problem, therefore they set portfolios. So, we are watching how ωˆ is
a portfolio whose result is a linear combination of two other more portfolios. This observation motivates the
following theorem:
Theorem: Two fund theorem. For the Markowitz problem with risky assets, let µRa and µRb be two different
arbitrary target returns and Pa and Pb be the two mean-variance portfolios that solve the Markowitz problem
for the respective returns. Then:
1. Every possible mean-variance portfolio can be expressed as a combination of these two portfolios, that is:
given Pc, ∃α ∈ R for that Pc = αPa + (1− α)Pb (we can understand this equality in terms of the vectors
of weights of each portfolio).
2. Every possible combination of the last two portfolios is a mean-variance portfolio for a particular target
return µRc , that is: ∀α ∈ R, the weighs of the portfolio Pc := αPa + (1 − α)Pb are the ones given
by the Markowitz model for an specific return µRc . In fact, ωˆc are the weights for the target return
µRc = αµRa + (1− α)µRa .
Proof:
2. Given an arbitrary α ∈ R, using the fact that was developed before this theorem, we have that ωˆc =
αωˆa + (1 − α)ωˆb = α(ωˆp1 + µRa ωˆp2) + (1 − α)(ωˆp1 + µRb ωˆp2) = ωˆp1 + (αµRa + (1 − α)µRa)ωˆp2 , which is
the mean-variance portfolio for the target return µRc = αµRa + (1− α)µRa).
1. Following the proof of 2, since we have ωˆc we just need to perform E(ξˆ) · ωˆc to get µRc . Now, with µRc , µRa
and µRb , we just need to solve the first order linear equation µRc = αµRa + (1 − α)µRb , which has the
solution α =
µRc−µRb
µRa−µRb
2
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But, after this powerful theorem, the geometrical interpretations of the Markowitz problem are not over. Let’s
try to compute the covariance between the rates of return of two different portfolios Pa and Pb with weights ωˆa
and ωˆb:
Cov(Pa, Pb) = ωˆ
T
a Σˆωˆb = (ωˆp1 + µRa ωˆp2)
T Σˆ(ωˆp1 + µRb ωˆp2) = (
1
AC−B2 (AΣˆ
−11−BΣˆ−1E(ξˆ))+
µRa
1
AC−B2 (CΣˆ
−1E(ξˆ)−BΣˆ−11))T Σˆ( 1AC−B2 (AΣˆ−11−BΣˆ−1E(ξˆ))+µRb 1AC−B2 (CΣˆ−1E(ξˆ)−BΣˆ−11)) = CAC−B2 (µRa−
B
C )(µRb − BC ) + 1C
Now, assume that the two portfolios are the same, therefore Pa = Pb and consequently ωˆa = ωˆb. In that case,
we will denote the common portfolio by Pp and the weights by ωˆp. Then, we have:
σˆ2p = Cov(Pa, Pb) = Cov(Pp, Pp) =
C
AC−B2 (µRp − BC )2 + 1C
Therefore we obtained an equation that links the target return µRp with the variance σˆ
2
p which we are minimizing,
and this is a quadratic relationship. Consequently, we can use this equation to do the mean-variance plot, where
each point will be a different frontier portfolio. The look of a frontier portfolio plot is of the likes of the following
one:
Figure 3.1: Efficient Portfolios of the Markowitz problem
The procedure to follow in order to find the lowest risk portfolio is just as simple as to study the quadratic
equation and find the vertex of the hyperbola in the mean-variance plot, which is (
√
1
C ,
B
C ) and, consequently,
the portfolio Pminv with the lowest variance of all the possible portfolios given by Markowitz for any target
return is the one with the weights ωˆminv = ωˆp1 +
B
C ωˆp2 .
So notice that finding the portfolio with the lowest variance out of all the other portfolios has been really easy
with the help of geometry, and the quadratic relation between the mean and variance helps us to have a general
vision of the problem as well. But, what if we add a risk-free asset, and therefore we are back to the problem
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that we wanted to solve at the first stage? What we will see is that adding a risk-free asset totally changes our
problem, and the plot of the efficient frontier becomes a line.
3.2.2 Analytical solution for the Markowitz model with a risk-free asset
After the in-depth analysis of the risky-asset restricted Markowitz model, now we get back to the model wich
has a risky asset A0 ∈M with return R0, which is the following one:
minimize V ar(R) =
1
2
ωˆT Σˆωˆ
subject to E(R) = E(R0)ω0 + E(ξˆ)T · ωˆ = E(R0)w0 +
I∑
i=1
E(Ri)wi = µR
and w0 +
I∑
i=1
wi = 1
Note that I keep using the old notation but extended for the risk-free asset. In the case of the objective function,
I use the matrix Σˆ of covariances and the restricted vector of weights ωˆ without considering the risk-free asset
because of the form of the full matrix Σ =
0 0
0 Σˆ
. In other words: if we consider an asset which has zero
variance and covariance with all the other assets and that addition does not bring nothing new to my objective
function.
In order to analytically solve this problem, we will proceed in the same way than before, but we will see that the
inclusion of the risk-free asset will change the result that we get. Once again, applying the Karush-Kuhn-Tucker
conditions, the following system of equations (inherited from the Lagrangian function, where α and ν are the
parameters of the constraints) is obtained:
Σˆωˆ − αE(ξˆ)− ν1 = 0 (3.6)
αE(R0) + ν = 0 (3.7)
E(R0)ω0 + E(ξˆ)T ωˆ − µR = 0 (3.8)
ω · 1− 1 = 0 (3.9)
Now, since we are using Σˆ as before, the same assumptions about invertibility will be done. Multiplying by
Σˆ−1 at each side of the first equation and plugging (3.7) into (3.6) by substitution on ν, we get:
wˆ = αΣˆ−1(E(ξˆ)− E(R0)1) (3.10)
3.2. The Markowitz mean-variance model 29
Now, using the equations (3.10), (3.8) and (3.9) we get the following system of equations:
 1 1T Σˆ−1(E(ξˆ)− E(R0)1)
E(R0) E(ξˆ)T Σˆ−1(E(ξˆ)− E(R0)1)
 ·
ω0
α
 =
 1
E(R0)
 (3.11)
This system can be either solved with the same strategy than the last model or with Gaussian elimination.
Both results will lead to the same solution for (3.11), which is:
ω0
α
 =
1− (µR − E(R0)) 1T Σˆ−1(E(ξˆ)−E(R0)1)(E(ξˆ)−E(R0)1)T Σˆ−1(E(ξˆ)−E(R0)1)
(µR−E(R0))
(E(ξˆ)−E(R0)1)T Σˆ−1(E(ξˆ)−E(R0)1)
 (3.12)
Now that we got the value for α, it is possible for us to make the substitution in (3.10) and find the entire
Markowitz weights solution ω = (ω0 ωˆ), which is:
ω0
ωˆ
 = (1− β)
1
0
+ β
1− 1T Σˆ−1(E(ξˆ)− E(R0)1)
Σˆ−1(E(ξˆ)− E(R0)1)
 = (1− β)ωf + βωM (3.13)
Where we set β = (µR−E(R
0))
(E(ξˆ)−E(R0)1)T Σˆ−1(E(ξˆ)−E(R0)1) . In (3.13) we have, again, that the solution to the Markowitz
model is a combination of other two portfolios, where the first one is the portfolio that only contains the risk-free
asset (known as risk-free portfolio, with weights ωf ) and the second one is known as market portfolio (and their
weights are represented by ωM ). It can be shown by straight-forward calculations that the market portfolio is
the one that invests in every single risky asset with weights according to the averaged market value of the asset in
relation with all the other asset market values (as a weighted average). It can be shown that the market portfolio
is a solution for the Markowitz model with a risk-free asset (even if the portfolio does not hold the risky asset)
by simply finding the muR that makes β = 1, which is µR = E(R0)) + (E(ξˆ)− E(R0)1)T Σˆ−1(E(ξˆ)− E(R0)1).
From the equality in (3.13) and this observation, the following theorem is obtained:
Theorem: One fund theorem. For the Markowitz problem with one risk-free asset, then exists one single
portfolio that generates all the other Markowitz portfolios by investing in that portfolio and in the risk-free
asset.
The proof of the theorem is immediately obtained if we follow the last steps before the theorem and if we take
a look at the Two fund theorem. In particular, note that the existence of that portfolio is given by the market
portfolio, which is the one that was defined by the weights ωM . Any combination of that portfolio with the
risk-free asset will work for the theorem as well.
Now, we are interested to find which would be the geometry of this problem through what we called the ”efficient
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frontier” (which is the plot of the mean-variances of each Markowitz frontier portfolio). In order to find it, let’s
consider the total return of the market portfolio:
RM = ξ
T · ωM =
R0
ξˆ

T 1− 1T Σˆ−1(E(ξˆ)− E(R0)1)
Σˆ−1(E(ξˆ)− E(R0)1)
 (3.14)
Now, let’s calculate the expected return and the variance of the portfolio:
E(RM ) = µM = R0 + (E(ξˆ)− E(R0)1)T Σˆ−1(E(ξˆ)− E(R0)1) (3.15)
V ar(RM ) = σ
2
M = (E(ξˆ)− E(R0)1)T Σˆ−1(E(ξˆ)− E(R0)1) (3.16)
Now, let Rr be the return of any portfolio of the form Rr = ω0R
0 + ξˆT ωˆ which we impose to be a Markowitz
portfolio (so (3.13) is satisfied with a particular β). Now, we combine the expected return and the variance of
Rr and RM through the equations (3.14), (3.15) and (3.16) and we get the following equation:
µr = R
0 + µM−R
0
σM
σr
This line gives us the efficient frontier, but notice that now it is a line. In the mean-variance plane (σ, µ),
this line crosses the full risk-free portfolio (whose point is (0, R0)) and the market portfolio (whose point is
(σM , RM )). The efficient frontier of the ris-free problem is known as the Capital Market Line (CML), whose
slope µM−R
0
σM
is a particular case of the general measure S(Pa) =
µa−R0
σa
known as the Sharpe ratio, which can
be obtained for every porfolio Pa with return Ra (and expected return µa and variance σ
2
a). The Sharpe ratio
shows a way to measure the price of risk (the expected return per unit of risk).
Theorem: The maximum value for the Sharpe ratio is reached with the market portfolio PM with weights
(ωM ).
Proof: Only a few details will be given, as the proof is technical and long, and it can be fully seen at [8].
The way to proof this theorem is to consider the following optimization model, known as the Maximum Sharpe
Ratio model:
maximize S(Pa) =
E(ξˆ)T ωˆa −R0√
ωˆa
T Σˆ−1ωˆa
subject to 1T ωˆa = 1
Where we applied the definition of µa = E(ξˆ)T ωˆa and σa =
√
ωˆa
T Σˆ−1ωˆa. After that, the following sketch is
followed:
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• We recall that the market portfolio is feasible for the Markowitz model with a risk-free asset (and in fact,
we verified before that it is an optimal solution, that is, a frontier portfolio, if we set µM = E(R0)) +
(E(ξˆ)− E(R0)1)T Σˆ−1(E(ξˆ)− E(R0)1)).
• It is simple to verify that the market portfolio is feasible for the Maximum Sharpe Ratio model.
• Let Pb be the risky portfolio whose weights are the solution for the Maximum Sharpe Ratio model.
• Verify that, if we assume that Pb 6= PM (the optimal portfolio in the Maximum Sharpe Ratio model is
different than the market portfolio), then we find that Pb is optimal for the Markowitz model which had
the market portfolio as optimal solution so we arrive to a contradiction. 2
In this point of the section, we already deduced that the market portfolio is a particular frontier portfolio for
the Markowitz model with a risk-free asset and it is the solution of the Maximum Sharpe Ratio model. But, in
addition, the market portfolio is a particular solution of the Markowitz model that only considers risky assets,
and it can be verified by setting the target return µR = µM . This fact means that the Capital Market Line,
which is the efficient frontier of the Markowitz model with a risk-free asset, indeed touches the efficient frontier
of the Markowitz model with only risky assets in the mean-variance point of the plot related to the market
portfolio, and that is why the market portfolio is known as well as the tangency portfolio. Graphically:
Figure 3.2: Capital Market Line
This plot summarizes all the main results about the Markowitz theory for Financial Portfolio management. The
market portfolio can be insignificant for anyone interested in a particular target return, but if the investor has
no target preferences, the market portfolio stands out for being the portfolio that gets the highest return per
unit of risk, which is just the same as saying as the market portfolio is the one that maximizes the Sharpe ratio,
something that has been seeing all over this section. But the impact of Markowitz theory in Financial Portfolio
management does not end here.
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3.3 Application of Markowitz theory: The Capital Asset Pricing
Model
An interesting application of the Markowitz theory is that it brings the necessary tools in order to elaborate an
asset pricing model through the last results that we looked at: Capital Market Line and tangency argument.
Theorem: The Capital Asset Pricing Model (CAPM). Let M be a market with assets Ai, where A0 is the
risk-free asset. Consider a particular asset Aj of the market, where µj = E(Rj) denotes the expected return of
the asset and σ2j = V ar(R
j) denotes the variance of the return. Now, consider the market portfolio PM defined
in the previous sections with expected return µM and variance σ
2
M and the covariance between the retuns of the
asset Aj and the market portfolio PM , which is σjM = Cov(R
j , RM ). With all this environment and considering
the Markowitz theory, the expected return of the asset Aj is exactly given by the following formula:
µi = R
0 + βj(µM −R0), (3.17)
where βj =
σjM
σ2M
.
Before the proof of the theorem is given, it is very important to look at the conceptual meaning of the parameter
βj . Before specifying that meaning, it is interesting to express how financial risk is classified in a particular
market M:
• The market risk (also known as systematic risk) is the risk inherent to the market where we are operating.
This risk affects all the assets in the market. When operating in a particular market, this risk is impossible
to avoid, and it cannot be mitigated under any theory of diversification among all the Financial Portfolio
Management branch.
• The asset risk is the risk related to the asset of a market, which is composed by the market risk and the
risk inherent to the asset.
Now, by the definition of βj , this parameter can be interpreted as the sensitivity of the asset return in respect
with the movements of the market. It is a measure for the non-diversifiable risk, which is the part of the risk
that cannot be mitigated by diversification. The interpretation of the possible values for βj is the following:
• Risk-free behaviour: If βj = 0, this means that the return of the asset will be the same than the
risk-free rate associated to that market, that is, the asset Aj will be priced in the same way than A0.
• Conservative behaviour: If βj < 1, the return of the asset is has a lower risk than the associated with
the market movements.
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• Market behaviour: If βj = 1, then the asset completely behaves as the market, and in practice that
means that holding the asset is the same than holding the market portfolio.
• Aggresive behaviour: If βj > 1, the return of the asset has a higher risk than the associated with the
market movements
Note that, by giving βj , we have just given an strategical classification for A
j in terms of risk tolerance, which
might be interesting for fund managers. For example, banking institutions give to the clients that decide to
invest in pension funds the chance to select their risk tolerance.
Proof of the Theorem: First of all, let Pα be a portfolio which is a convex combination of the asset A
j and
the market portfolio, therefore Rα = αR
j + (1− α)RM . With this definition, we get:
µα = αµj + (1− α)µM
σ2α = α
2σ2j + 2α(1− α)σjM + (1− α)2σ2M
Now, if we try to image how the portfolio Pα would be drawn in the mean-variance plot in terms of the different
α ∈ (0, 1) (since we are considering convex combinations), we need to consider the function h : (0, 1) ⊂ R −→ R2
such that h(α) = (µα, σα) = (
√
α2σ2j + 2α(1− α)σjM + (1− α)2σ2M , αµj + (1− α)µM ). The graph associated
to h is a curve which starts in h(0) = (σM , µM ) and ends in h(1) = (σj ,E(Rj)), hence the curve touches the
Capital Market Line for α = 0. Now, consider the following derivatives:
dRα
dα = µj − µM
dσα
dα =
1
σM
(σjM − σ2M )
From this definition, by the chain rule, it is possible to calculate:
dRα
dσα
=
dRα
dα
σα
dα
=
µj − µM
1
σM
(σjM − σ2M )
=
σM (µj − µM )
σjM − σ2M
(3.18)
Now, remember that the curve defined by h(α) was tangent to the Capital Market Line in α = 0, therefore
by the Sharpe ratio definition, its maximum value in the market portfolio and following the geometrical law of
the derivative as the slope of the tangent line, we get that if we assume the Markowitz theory, then dRαdσα
∣∣∣∣
α=0
=
µM−R0
σM
. Finally, mixing up the last two equalities we get the relationship:
µM −R0
σM
=
dRα
dσα
∣∣∣∣
α=0
=
σM (µj −RM )
σjM − σ2M
(3.19)
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Isolating, we get that µM = R
0 +
σ2M (µj−µM )
σjM−σ2M
which leads to µi = R
0 +
σjM
σ2M
(µM − R0), which is the Capital
Asset Pricing Model formula that we wanted to prove. 2
In practice, the pricing of an asset through the CAPM is done in the following way: consider an asset Aj whose
price P is the one that you want to know. Consider its sale price as a random variable S, with expected selling
price of E(S). A technical detail about P being a number and S being a random variable is that P is a number
because we are trying to get an specific price P , while the selling price may fluctuate depending on several
factors. In other words, we open a long position on the asset by paying P , and after that several selling prices
are offered to the long leg that are gathered in the behaviour of the random variable S. Now, the expected rate
of return of the asset is given by µj =
E(S)−P
P , and including
E(S)−P
P in the CAPM formula through µj , we get:
P =
E(S)
1 +R0 + βj(µM −R0) (3.20)
Now, we ”only” need to find an expected selling price (maybe from an historical data set), the risk-free rate of
the market and the value of beta, which can be obtained by the definition of the beta in the CAPM formula or
by a subjective estimation following the behaviour of the asset with respect to the market (risk-free behaviour,
conservative behaviour, market behaviour or aggressive behaviour).
But the CAPM formula is not only useful for pricing assets alone, it is a key tool in other classic Financial
Portfolio Management models like the Black-Litterman model.
3.4 The Black-Litterman model
The Black-Litterman model was was created by Fischer Black (which made another contributions like the Black-
Scholes equation) and Robert Litterman in 1990, when they were two employees of of Goldman Sachs. The
Black-Litterman model is conceived as a variation of the Markowitz model because of the following points:
• The covariances between assets can be fairly well calculated through historical data, but the expected
returns are much more difficult to estimate. Obtaining them from the historical data, in practice, means
that we assume that the market moves only because the inertia of the past, which in some cases is not
true at all. In addition, we may do not know specific information about some of the market assets, and
in the Markowitz model we are forced to express the returns for every single asset. This is why the
Black-Litterman model will not require the user to specify the expected returns.
• The Markowitz model did not allow any opinions about how the market will move in the future. The
Black-Litterman model allows the investor not only to give his opinions about any subgroup of assets
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(which will not probably be all the assets in the market!), in addition it brings the option to give intensity
to every opinion in order to stress the strength of a market belief above any weak opinion given as an
average prediction.
• The Black-Litterman model gives us the chance to give predictions or opinions on an asset but in a
relative way in relationship with other asset of the market, a practice that is commonly followed by plenty
of investors; you might do not know the return of an asset, but you might have an opinion about how the
return of an asset will change according to the return of another asset.
• Markowitz model tends to be very sensitive to a little change on the input parameters, which will probably
lead to error maximization.
So, in short, Black-Litterman demands less information than the Markowitz model and brings the concept of
subjectivity to the Financial Portfolio Management but, Black-Litterman is not an optimization model by itself.
As we will immediately see, Black-Litterman is just a model to a method to incorporate subjectivity and give
as output the parameters of any optimization model. But, after that, we must use any existing optimization
model to find the optimal portfolio. In fact, the mathematical theory behind the Black-Litterman model is the
Bayesian estimation.
First of all, consider, in the same manner as in the Markowitz model, let M be a market with risky assets
A1, ..., AI , where the asset A0 is the risk-free asset, which will be ignored during the Black-Litterman model,
since the estimate parameters of the risk-free asset are, by the definition of this kind of asset, accurate. By the
construction of the Black-Litterman model, it is assumed that the returns of the risky assets A1, ..., AI , that is
ξˆ = (R1, ..., RI) follow a multivariate normal distribution, so ξˆ ∼ N(µ, Σˆ), where µ = E(ξˆ) = (E(R1), ...,E(RI))
and Σˆ is the matrix of variances and covariances among the risky assets. This distribution is assumed as
the prior distribution in the Bayesian estimation theory. The Black-Litterman model will be about how the
subjective information that a financial analyst brings to the problem can change the parameter µ of expected
returns of the prior distribution (and, referring one more time to the Bayesian estimation theory, there will be
a new posterior distribution which will be changed by the market views of the financial analyst).
Assume that we take µ as a random variable by itself, and that we assume as well that it is normally distributed.
In order to find the parameters of the normal multivariate distribution associated to µ, let’s consider (once
again), the typical solution is to consider the CAPM model for the market portfolio defined in the Markowitz
section (it is the portfolio that holds each asset of the market in proportion with the capitalization), where the
weights will continue being denoted as ωM . Black-Litterman allows the user to choose another alternative, but
it is commonly approved that µ ∼ N(pi, Σˆpi), where pi is the vector of the returns given by the CAPM model
based on the market portfolio and Σpi are the covariances related to that returns. These returns are known as
equilibrium returns because it is assumed that the investors tend to the market portfolio naturally, and that a
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market portfolio investor will not move its position as long as the tendency of the market M does not move.
Now, it is time to introduce the investor subjective views to the problem. Black-Litterman assumes that the
views are mathematically expressed by linear combinations. That mathematical linear combinations is just as
I explain: we will give a subjective view to k different risky assets (where k < I). A matrix:
P =

p1,1 ... p1,I
... ... ...
pk,1 ... pk,I

will express the relations between different assets of the market in such a way that each row should sum zero
(
∑I
j=1 pi,j = 0) if the views are relative. If they are not relative, it means that we are directly giving a price to
the asset, in which case there is no restriction to be made about it but there will be only one element different
from zero. Then, the views will be expressed in the following way Pµ = q + v, where µ obviously is not known
(this is what we want to do!), q is the views vector (which contains in every qi a number such as the row i-th of
Pµ should behave in opinion of the investor) and v is a multivariate normal distribution vector with zero mean
and matrix of covariances diag(Σˆ), that is, v ∼ N(0,Ω) where:
Ω =

σ21 0 ... 0
0 σ22 ... 0
0 0 ... σ2I

Finally, we note that Pµ ∼ N(q,Ω), and that will be the investor subjective view distribution. Putting together
µ ∼ N(pi, Σˆpi) as the prior distribution and Pµ ∼ N(q,Ω) as the beliefs (views) on the parameter, then we get
by the Bayes theorem (which leads to the Bayesian estimation theory) that the posterior distribution for the
expected returns of the market assets are:
µ|q,Ω ∼ N(µBL, ˆΣµBL) (3.21)
Where µBL = ((Σpi)
−1 + PTΩ−1P )−1((Σpi)−1pi + PTΩ−1q) and ˆΣ
µ
BL = ((Σpi)
−1 + PTΩ−1P )−1. Finally,
ξˆ ∼ mu|q,Ω +N(0,Σ), therefore µBL will be the expected returns given by the Black-Litterman model and the
matrix of covariances will be ˆΣBL = Σˆ +
ˆΣµBL.
The proof of the Black-Litterman posterior distributions are long and tedious, and its procedure does not bring
any interesting concept (like it happened in the Markowitz case), therefore I decided not to show them in this
thesis in order to make it less dense. However, all the details can be found in [10]. There you will find not only
the proof of this posterior distribution but a deeper analysis of the Black-Litterman model, and in [9] you will
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see some other alternatives to the original model (which imposes normality on the distribution, CAPM for the
equilibrium portfolio and linearity for the way in which we express the views).
Finally, we take µBL and ΣBL as the estimated expected returns and covariances given by the Black-Litterman
model, and these ones can be used in any model like the Markowitz model that was analysed in the last section.
For example, if we wan to get the minimum variance portfolio, that would be the one with weights
Σ−1BL1
1TΣ−1BL1
.
To end this section, a practical graphic that summarizes the Black-Litterman model can be found at [11]. It
shows the general sketch of the model, which is really useful to sum up and assimilate the main concepts.
3.5 A practical application of the Markowitz model
In order to show the Classic Financial Portfolio Management models in practice, it has been set up an example
in the case of the Spanish stock exchanges (which are four and are placed in Barcelona, Madrid, Bilbao and
Valencia). In our case, we wanted to select the 35 company shares which take part in IBEX 35 (and its
corresponding daily rates of return), which is the stock market index for the 35 Spanish companies with the
higher liquidity. However, a problem appeared: the Spanish Government did an IPO with AENA (Aeropuertos
Espanoles y Navegacion Aerea) in February 2015, therefore there were not company shares for AENA until that
moment. So, there were two options:
• Consider the 35 shares and its historical data from the moment AENA was introduced in the secondary
market (nonetheless, the data is valid and it soon reached the IBEX 35). That means that I would have
data about the 164 last daily returns per each share.
• Consider the other 34 shares and select historical data from older days. For example, in a two-year window,
I would have 521 daily returns per each share.
In my opinion, it is sometimes wrong to consider too much data because the market behaviour changes constantly
and the covariances and expected returns might be wrong (of course, if we want to express them in terms of the
historical data as we are actually doing). As this is a problem only for educational purposes and as considering
164 returns per each share yields to a total input data of 5740 returns, I think that it is enough to consider all
the historical returns from all the 164 business days in the Spanish calendar from the 12nd of February 2015
until the 2nd of October 2015. Therefore, the marketM will consist in 35 different risky shares A1, ..., A35 ∈M.
In order to extract those returns, the Yahoo Finance database was used, which allows the user to export
historical information about thousands of worldwide assets through different format files. In our particular
case, a .csv file was used and the returns were given with 10 significant decimals. All the .csv files were joined
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for all the 35 assets into one unique .csv file through an useful bulking tool which can be seen at [12]. That .csv
file was imported in RStudio (the Integrated Development Environment that I use for R). The summary of the
data is the following one:
Figure 3.3: The rate of return for each asset in IBEX 35 stock market index
The matrix of covariances might be too large and useless to post here, but it is computed through the typical
estimators of variance and covariance for data samples.
Now, we assume that we are a fund manager and we have a total amount of cash of 10000000 euros to invest
in IBEX 35 shares, and we would like to know how to distribute our money in an optimal way.
In order to determine the return of the risk-free rate, the return of 9-months Spanish government bonds have
been consulted for the last auction that was made in the 22nd of September. In that moment, the 9-months
Spanish government bond was priced at 0.031%, which would mean that the return of the market risk-free asset
A0 is equal to R0 = 0.00031.
3.5.1 Markowitz model in practice
In order to compute all the elements that we saw during the Markowitz model discussion, a R package from
Eric Zivot has been followed, whic includes all the tools related to the Markowitz model that will allow us to
solve the model and get different interesting portfolios and graphics. The documentation about the package can
be read in [13].
The efficient frontier for the risky-asset model for our problem is the following one:
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Figure 3.4: The mean-variance plot of all the frontier portfolios
In order to plot this graph, Eric Zivot uses the Two Fund theorem: he calculates P∗ which is the portfolio of
global minimum variance and P+ which is the frontier portfolio (that is, the portfolio of minimum variance)
that imposes as target return the maximum value of the expected returns of all the assets in the market. Now,
he considers combinations of those two portfolios, that is, in terms of the weights, portfolios Pα that have
weights ωα = αω∗ + (1− α)ω+. The R function that he implemented asks to give a range for α and a number
of portfolios that want to be calculated in order to plot them there. I chose α ∈ (−15, 15) and a total of 100
frontier portfolios to be calculated (therefore the graphic has 100 points).
Now that we got an intuitive image of how the problem is made, let’s calculate some interesting portfolios. For
example, the global minimum variance portfolio is the following one:
Figure 3.5: The asset weights of the global minimum variance portfolio
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With the following weights, the global minimum variance portfolio has an expected return of 0.068% (which is
more than two times the value of the risk-free asset, therefore it is worthy to invest money in equity markets)
with a standard deviation of 0.789%.
Now, let’s consider the risk-free asset as a factor which comes into play. As we stated before, in our case we
have that R0 = 0.00031. The Capital Market Line in the problem is the following one:
Figure 3.6: The Capital Market Line plotted just in the same plot than the Efficient Frontier
Note that the Capital Market Line intercepts the y-axis in the point related to the portfolio that only holds
the risk-free asset (which of course has zero standard deviation). Finally, the portfolio contained in the Capital
Market Line and tangent to the efficient frontier is of the following aspect:
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Figure 3.7: The asset weights of the tangency portfolio
This portfolio has an expected return of 4.146% and a variance of 8.293%, but as the theory states, it is the
portfolio with the best return/risk proportion according to the Sharpe ratio, which in this case is 0.496, which
means that we almost get an unit of potential benefit per each two units in risk.
3.5.2 Black-Litterman model in practice
It could be possible to make a practical application of the Black-Litterman model for this special problem.
However, I have decided not to do it, because of the following reasons:
• In order to apply the Black-Litterman model, I would need to have a strong functional knowledge of the
market in order to have a view. That would take some time as well, and it is a little bit out of the scope. It
was already explained in the last section how to, given a view, do the technical tasks in order to transform
it into a mathematical model.
• From our point of view, it really does not make a difference to put an example of the Black-Litterman
model, because after all the results will not be ”seen” until we perform the Markowitz model, which
already has been shown with an example in the latter section.
In any case, if the reader wants to know numerical tools that are useful to deal with the Black-Litterman model,
I have found two different options which are equally good, depending in the particular interests of him/her:
• An Excel macro which directly calculates the parameters given by the Black-Litterman model and solves
the Markowitz mode. It can be found in the (6.1) section of the Appendix.
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• A R package which does the same work but in any IDE for R. The whole information about the package
(how to import it and use it) is available at [14].
The advantage of using the last option is that there are available plenty of more functionalities in order to do
a posterior processing of the data with any kind of packages. In other words, I would say that Excel macro is
useful for quick and delimited tests, but the R package is better in all the aspects (but it is a little bit more
complicated to deal with).
Chapter 4
Advanced stochastic Financial
Portfolio Management models
All over the last section, an in-depth analysis of the classic models has been made. Those models were stochastic
models, but the uncertainty was present in the inputs of the problem, which were stochastic variables that are
modelled in different ways. However, the models by itself that solved those problems were deterministic, as the
random input data received a treatment in order to convert the uncertainty into fixed numbers.
Now, in this section, we are going to discuss about advanced stochastic models, which are the ones that deal
with uncertainty not only in the input data, they incorporate it in the model by itself. A very simple example
is the one that we analysed in the second chapter of this thesis which is the one about uncertainty. In practice,
the so-called ”advanced” stochastic models are proving to be more efficient than the classical models (and its
derivatives), and some of the reasons are explained in the following facts:
• The number of data that the Markowitz model demands is too high. The expected returns are difficult to
calculate, and even if Black-Litterman tries to find solution to this issue, the covariances between assets
have to be specified in both models, which in practice and with historical data means that, if we have I
different risky assets, it is needed to give Θ(I2) numbers.
• In the Markowitz and Black-Litterman models, it was assumed that a good measure for the returns was the
mean of a random variable, and a good measure of the volatility was the standard deviation of a random
variable. That might be true, but it has been widely proven that the best measure of the volatility in
mathematical modelling is the Value-at-Risk (we will see it later on), which in practice is translated into
a probabilistic constraint, therefore it cannot be used in the Markowitz and Black-Litterman models as
they were originally conceived.
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• The Capital Market Line and, by extension, the Capital Market Line, are two key pieces of the classic
stochastic models. In both the CML and CAPM, it is stated (because of the ”simple” form of Markowitz
and Black-Litterman models) that the relationship between risk and return is linear. This is a good
approximation, but it has been proven in practice that nonlinearity is more accurate.
With all that being said, advanced stochastic models look more interesting in terms of precision and realism.
However, there is a big problem: they are very complicated to solve numerically, way more complicated than
the implicit stochastic models of Markowitz and Black-Litterman. Advanced stochastic models need a previous
treatment of the entry data and to apply previous algorithms just in order to construct the input of the model
that will be used by a specific solver.
Designing a stochastic model and solving it could fill out a whole thesis by itself. For this reason, and as we
saw practical applications in the previous sections, the aim of this section will be to do an overview in the
theory of advanced stochastic models and to give and analyze a stochastic model applied to Financial Portfolio
Management.
4.1 Introduction to advanced stochastic programming models
A stochastic programming model can be described as a mathematical optimization model of the following
features:
• The input parameters have an explicit probabilistic distribution (in our previous models, they were just
numbers that came from a probabilistic distribution).
• The variables of the advanced stochastic programming models are of the following two types:
– Anticipative variables: Variables whose value is determined when there is uncertainty.
– Adaptive variables: Variables whose value is determined when the uncertainty has been solved.
Note that the simpler stochastic models that were discussed in the previous section are stochastic models
ony with adaptive variables, because the uncertainty is solved before the model is executed, and that is why
they are ”deterministic” models. However, the Example of Banco Santander shares contains anticipative
variables (which was the one of the number of shares x that the broker should buy). In general, each
advanced stochastic programming model should contain anticipative variables. If a stochastic program
contains both anticipative and adaptive variables, they are called recourse models.
• Constraints are defined in the same way than the standard mathematical programming models. If we set
a probabilistic constraint, the quantile function should be used in order to transform it, as we saw both
in the simple example of the second chapter and in the Markowitz models of the third chapter.
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In the field of Financial Portfolio management, the recourse models are the typical ones that are chosen. As
an example, a fund manager has to take decisions depending in his predictions of how the market will move
but it has to make decisions from how the market has been moving in the past. They are constructed in such
a way that the model incorporates different time stages that solve part of the uncertainty in each stage (in
the example above, a stage could be 1 day, so each day the fund manager can make decisions based in what
happened the day before and what he thinks he will happen the day after, which of course is not yet certain).
Each stage requires decisions to be taking through anticipative variables, that will lead to adaptive variables in
the next stage.
4.2 Two-stage stochastic programs with recourse
In order to understand how an advanced stochastic model works, let’s bring again the model of the broker that
sells shares which was discussed in the second chapter of this thesis:
maximize g(x) = E(f(x, U))
subject to x ∈ R+ = {x : x ≥ 0}
Where x was the number of shares that the broker should buy, U the demand of the private investors and f the
profit function, which was:
f(x, U) =

(P + a)x− Px = ax if x ≤ U
(P + a)U + S(x− U)− Px = (S − P )x+ (P + a− S)U if x ≥ U
Following what we explained about advanced stochastic models, note that the input of this problem is explicitly
a random variable U (and not a parameter which comes from a random variable). Here, x is the anticipative
variable, because we should chose a value for it before the realization of U is known. But now, let’s consider
two more variables (which have been indirectly mentioned but not formalized): let y be the number of shares
that he sells to the private investors and z the number of shares that he sells in the market after the end of the
day. Then, x would be a first-stage anticipative variable which we initially set. After that, a realization of the
random variable U is generated, and in the second stage the following problem appears:
maximize (P + a)y + Sz
subject to 0 ≤ y ≤ D, 0 ≤ z ≤ x− y
In fact, in the restriction z ≤ x − y, we are supposed put an equality because the broker wants to get rid of
46 Chapter 4. Advanced stochastic Financial Portfolio Management models
all the shares after the end of the day, but for academic purposes I will keep the inequality because it gives
importance to z. If the equality was given, the variable z would be pointless. Anyway, the result of the model
will be the same (because we want z to be as big as we can once y is determined), so the solution is not altered.
For this model and taking into account that (P + a) > P > S, the solution is trivial: yˆ = min(x,D) and
zˆ = max(x−D, 0).
The most generic version of a two-stage stochastic program is the following one:
minimize c(x) + E(Q(x, ξ))
subject to x ∈ χ ⊂ Rd1
where:
Q(x, ξ) = minimize q(y; ξ)
subject to y ∈ Y (x, ξ) ∈ Rd2
Now, here I give a detailed description per each one of the elements in the general model:
• x ∈ Rd1 is the vector of anticipative variables (where the number of anticipative variables in the model is
d1) which are the first stage variables.
• y is the vector of adaptive variables which are the second stage variables, where y ∈ Rd2 (and d2 is the
number of adaptive variables in the model).
• ξ = ξ(ω) is a random vector which includes all the stochastic input data of the model.
• c(x) is a function of the anticipative variables which is known as the cost of the first stage decision.
• Q(x, ξ) is a function which is known as the cost of the second stage decision.
• q(y, ξ) is a function which is known as the second stage function.
• χ is the domain of the first stage anticipative variables.
• Y is the domain of the second stage adaptive variables, which explicitly depends on the fist stage antici-
pative variables and the realization of the input random data.
In the broker problem, each of the elements in the general model formulation are linked to...
• x = (x) which is the number of shares to buy and d1 = 1.
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• y = (y, z) which are the number of shares sold to private investors and number of shares returned to the
market (respectively), and d2 = 2.
• ξ = (U) which is the demand of shares among the private investors.
• c(x) = 0 as there is no cost defined for the first-stage decision. For example, if the broker needed to pay
a commission for the right of buying shares in the market, this would be the term where to include it.
• Q(x, ξ) = f(x, U) is the function about the profit that we get by the election of the variables and the
realization of the demand.
• q(y, ξ) = (P + a)y + Sz as we discussed some paragraphs ago.
• ξ = {x : x ≥ 0} ⊂ Rd1 = R as we consider that the broker can buy any positive number of shares (even
fractional numbers).
• Y = {(y, z) : 0 ≤ y ≤ D , 0 ≤ z ≤ x− y} ⊂ Rd2 = R2, which is totally conditioned by the configuration
of the problem.
Despite the fact that we only have two stages, this stochastic models can be complicated to deal with. In order
to arrive a little bit further in their analysis, we will focus in the linear case, which looks as follows:
minimize cTx+ E(Q(x, ξ))
subject to Ax = b
where:
Q(x, ξ) = minimize qT y
subject to Tx+Wy = h
Here, the vectors c and b and the matrix A are fixed elements. However, the vectors q and h and the matrices
T and W a random elements of the input data ξ, in other words, ξ := (q, h, T,W ).
Now, it should be considered whether if ξ is a discrete or continuous random variable. Of course, if it is a
continuous random variable everything gets (even) more complicated. For the sake of academic knowledge, we
will now assume ξ to be discrete, that is, ξ has a finite number of realizations. This means that Ω = {ω1, ..., ωs}
and that we have s different vectors of the form ξk := (qk, hk, Tk,Wk) where k ∈ {1, ..., s}. Note that each
one of ξk is now a fixed vector of numbers. Assume that the realization ξk happens with probability pk, where
obviously
∑s
k=1 pk = 1. With the following assumptions, we can write E(Q(x, ξ)) =
∑s
k=1 pkQ(x, ξk), where,
by construction of the second stage problem, Q(x, ξk) = inf{qTk yk : Tkx + Wkyk = hk}. Note that, since we
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splitted the expectation into k pieces according to the finite number of realizations, we must consider k different
vectors of adaptive variables yk.
With all that being said, the two stage stochastic program becomes a deterministic one!
min
x
cTx + min
y1,...,ys
s∑
k=1
pkq
T
k yk
subject to Ax = b
and Tkx+Wkyk = hk, k = 1, ..., s
This is indeed a deterministic optimization model, and of course is a linear one (remember that we assumed
that the stochastic model was linear), which is better seen with the following alternative matricial form of the
model:
min cTx + p1q
T
1 y1 + ...+ psq
T
s ys
subject to Ax = b
and T1x+W1y1 = h1
T2x+W2y2 = h2
...
Tsx+Wsys = hs
Now, it is possible to use any algorithm or any kind of software which solves linear programming problems.
Everything looks fine, but things are worse than it look:
• In order to arrive to a deterministic linear programming model, we have been forced to assume that the
stochastic program was linear and that the random variable ξ was discrete, which in practice is a big ”if”,
even more in the financial world where almost everything is continuous and where the similarity between
discrete and continuous values can only be considered for very large quantities (and not even that).
• Generating scenarios is more complicated than what it looks, in practice it is needed to use specific
programs which are only intended to generate scenarios and, after that, migrate the output from that
programs to a solver. Even more conflicts: there are different languages for the inputs and outputs of
every software, so this is another detail to take into account!
• The ”price” that we ”pay” to generate scenarios is that we multiply the data of the problem since we
are generating s copies of the adaptive variables vector y and s different copies of the random input data
ξ := (q, h, T,W ), where we have matrices and vectors that store a big amount of data by ourselves.
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As a note, it is possible to generate scenarios in non-linear models, but there is not a closed form in which the
models would be transformed, as it depends in the particularities of each specific problem. But, in any case,
it would mean to ”multiply” things as well as in the linear case, and we would ”create” as much problems as
possible scenarios. If one non-linear problem might be complicated, imagine plenty of them with even more
input data and more variables. Several books have been written about those big challenges. In particular, deep
researches can be found at [1] and [15].
4.3 Multistage stochastic programs with recourse
The two-stage stochastic program is no more than a particular case of the situation where we have T different
stages. In other words, we can generalize the theory that we saw in the last section for the case of more stages,
which will in practice mean to have overlapped expectations and stochastic domains.
Now, ξ = (ξ1, ξ2, ..., ξT ) is a stochastic process indexed by the time. From that process, we define ξ
t =
(ξ1, ξ2, ..., ξt) as all the history of the process until the time t ∈ {1, ..., T}, which is discrete (in stages). In the
same way, decision variables (both anticipative and adaptive) can be introduced as a process x = (x1, x2, ..., xT ),
where xt = (x1, x2, ..., xt) gives information about all the previous decisions up to time t+1. So now the problem
will be structured in the following way:
1. Decision x1.
2. Realization of ξ2.
3. Decision x2.
4. ...
5. Decision xT .
6. Realization of ξT .
Using the same structure than in the two stage exposition, the general form of any multistage stochastic program
with recourse can be expressed in the following way by overlooping expectations:
min
x1∈χ1
f1(x1) + E( min
x2∈χ2(x1,ξ2)
f2(x2, ξ2) + E(...+ E( min
xT∈χT (xT−1,ξT )
fT (xT , ξT ))))
There, f = (f1, ..., fT ) is a sequence of deterministic function, and χ = (χ1, ..., χT ) is a sequence of domains.
For each stage, the decision xt is made based on the history of the random data ξ
t up to time t and the decisions
xt−1 up to the previous stage. Therefore, those domains χt depend on those two processes ξt and xt−1.
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In the case of a linear multistage stochastic model, we would have that f1 = c
Tx1, ft = q
T
t xt, χ1 = {x1 : Ax1 =
b}, χt = {xt : Ttxt−1 + Wtxt = ht}, where 2 ≤ t ≤ T . Now, if we assume like in the two-stage model that ξt
is a discrete random variable ∀t ∈ {1, ..., T} and that each ξt concentrates its values in the same finite number
of points ξ1, ..., ξs, then it can be developed in a similar way a discretization of the model through scenarios,
where the problem becomes of the following form:
min
x1,...,xT
s∑
k=1
pk(q
T
1 x
k
1 + q
T
2 x
k
2 + ...+ q
T
T x
s
T )
subject to Ax1 = b
and T s2x1 +W
s
2x2 = h2
T s3x2 +W
s
3x3 = h3
...
T sTxT−1 +W
s
TxT = hT
where k = 1, ..., s
and xit = x
j
t ∀i, j s.t. ξi,s = ξj,s
As you can notice, generating scenarios in a multistage model even increases the different copies of data and
the length of the problem, which makes it very complicated to solve numerically. In fact, now we have as much
sets of copies of the data as the number of more stages that we have in the multistage model in contrast with
the two-stage model. But not only is difficult to solve numerically... even generating the scenarios for this kind
of models can be tricky! In particular, if the characteristics of ξa and ξb are different, the scenarios can be
complex to deal with. So this is a technique which looks easy in theory but it is very demanding in practice.
An important note is that there is one difference between the two-stage discretized model by scenarios and
the multistage discretized model by scenarios: the last constraint xit = x
j
t ∀i, j s.t. ξi,s = ξj,s. This is a
famous constraint which should be included in any multistage stochastic model (where T > 2) where scenarios
generation is considered, even if the model is not linear. This constraint is known as the nonanticipativity
constraint and it ensures that at each stage the values of the variables should only be set with the information
of the random stochastic process up to the same stage, in other words, variables cannot be determined with
the information of future realizations and two different scenarios with the same realizations up to time t should
lead to the same variables values (up to time t). You can find more details about nonanticipative constraints
and more examples where they are introduced in the reference [16].
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4.4 A multistage stochastic model for Financial Portfolio Manage-
ment
In order to put an end for this thesis, the modelling of a particular Financial Portfolio Management multistage
stochastic model will be done. This section is inspired in [17], with a lot of significant differences (different
objective function, addition of VaR constraint, substraction of budget constraints since our model does not
consider transaction costs for purchasing or selling assets in each stage, etc.). In addition, the model of [17]
and the model that I have created are radically different in the sense that [17] assumes that the portfolio is
part from a fund which depends on the client’s premiums, liabilities, etc. However, in my model, I consider a
portfolio from a bank which can belong to a fund or not, and which is intended to be internal (so no direct
participation from external parties or private users in that portfolio).
Our example will be inspired in the conditions that were set for the example of the Markowitz model: we are
in the situation of a fund manager which wants to create an optimal portfolio for the Spanish market (denoted
as M) and its total of 35 risky assets and 1 risk-free asset. As an abuse of notation, we will assume that it can
be said that j ∈M, and that means that the asset Aj ∈M.
Since now we are in a multistage stochastic model, we will assume that the fund manager can buy and sell
shares of each asset in each stage from 1 to T, where the decisions are represented by variables. Those decisions
are based in the view of the market in the future (anticipative variables) and in the history of the market until
that moment (adaptive variables).
Let Rjt be the return (it is not the rate of return, if the user wants to use the rate of return then he/she should
consider 1 + Rjt ) of the asset j (where j ∈ {0, ..., 35} with j = 0 as the risk-free asset) in the stage t (where
t ∈ {1, ..., T}. In this problem, we will not use weights, they are not useful anymore because of the flexibility
of multistage problems and the nature of them in the sense that the variables of each stage are deciding
movements in the portfolio automatically. In fact, these random variables are the only input of the model,
therefore ξt = (R
0
t , R
1
t , ..., R
35
t ) is the vector of random variables related to the stage t and ξ
t = (ξ1, ξ2, ..., ξt) is
the sequence of the vector of random input up to stage t.
Let hjt be the holding of an asset j in time t. The holding means the notional invested in the asset, in the
sense that if hjt 6= 0, then a position is opened (long position if hjt > 0, short position if hjt < 0). Let pjt be the
notional purchased in time t for the asset j, and sjt is the notional sold in time t for the asset j.
Finally, the problem can start either when the fund manager already has a portfolio or it does not have any
portfolio yet. If the initial portfolio at stage t = 0 is already configured, then hj0 will show how the money
is distributed in the portfolio assets. If not, we will assume that all the money will be in the risk-free asset,
therefore h00 = total money X that the fund manager invests in the market M.
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4.4.1 The asset holding constraints
Since there exists a specific relationship between the holding, purchase and sell variables, it is needed to incor-
porate it explicitly in the model as a constraint of the following type:
hjt = R
j
th
j
t−1 + p
j
t − sjt ∀j ∈M ∀t ∈ {1, ..., T} (4.1)
Note that the constraint has a recurrence structure, which is completely logical with the meaning of stochas-
tic optimization and the general formulation that was already introduced. Note that, in order to make the
recurrence work, hj0 must be known, as it has been specified some paragraphs above.
4.4.2 Liquidity constraint
Liquitidy is a very important factor in economy and we must ensure that we always have a quantity of money
available that can be used for any kind of unexpected event. We will assume that the money that we need to
keep in order to have liquidity is put in the risk-free rate. So we have the following constraint:
mt ≤ h0t ∀t ∈ {1, ..., T} (4.2)
This means that, for each stage, we impose to have at least a notional of mt in the risk-free asset, which acts
as a deposit that can be cancelled in any time we want.
4.4.3 Asset limits
We might be interested in limiting the holding with an upper and/or a lower bound. This can be, in the case
of the upper bound, because we want to avoid the model to put too much money in one particular asset (like it
happened in the Markowitz example). The case of the lower bound can be seen as the fact that sometimes we
are interested in having a position opened with a minimum amount of money on it, and consequently we force
the model to open that position. The constraints are of the following type:
ljt ≤ hjt ≤ ujt ∀j ∈M ∀t ∈ {1, ..., T} (4.3)
Here, if we do not want to have a lower bound in some particular asset(s) j, it is enough to eliminate that side
of the constraint, and the same applies in the case of the upper bound.
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4.4.4 Value at Risk
In the Markowitz and Black-Litterman models, the standard deviation was taken as the estimator of the risk.
In practice, it has been shown that this is not a reliable estimator, since the values tend to variate too much
only with little variations of the input data. In practice the Value at Risk is taken as the best measure of risk
among all the bank treasuries and private funds. When computing the Value at Risk, the portfolio managers
need to specify a lower bound limit Pneg (which is reached in a situation of extreme loses) that they do not
want to pass in any stage of the model. Then, the following probabilistic constraint is obtained:
P (
∑
j∈M
hjt ≤ Pneg) ≤ α ∀t ∈ {1, ..., T} (4.4)
Here, 1 − α (where α ∈ (0, 1)) is the confidence level that the portfolio manager wants to have about the fact
that the market value of the portfolio will not be below Pneg in no stage of the model.
4.4.5 Nonanticipativity constraint
These constraints need only to be considered if the model is intended to be solved through scenario generation,
for which we need the random variables that constitute the input data to be discrete and finite. If it is the case,
the following constraints should be added:
hj,s1t = h
j,s2
t ∀s1, s2 ∈ {1, ..., S} s.t. ξt,s1 = ξt,s2 (4.5)
pj,s1t = p
j,s2
t ∀s1, s2 ∈ {1, ..., S} s.t. ξt,s1 = ξt,s2 (4.6)
sj,s1t = s
j,s2
t ∀s1, s2 ∈ {1, ..., S} s.t. ξt,s1 = ξt,s2 (4.7)
Here, S is the number of scenarios and s1 and s2 are numbers representing two different scenarios. We impose
that the values of the variables should be equal if the information of the problem up to the time stage t is the
same for both s1 and s2 scenarios. These constraints ensure that at each stage the values of the variables will
only be set with the information of the random stochastic process up to the same stage, so consequently future
realizations will not be taken into account and and two different scenarios with the same realizations up to time
t will lead to the same variables values up to time t, since the observed information is the same.
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4.4.6 Objective function
The objective function will be the expected gains, which should be maximized with the conditions introduced
in the constraints of the previous sections. The wealth of the portfolio at stage t can be simply defined as
Bt =
∑
j∈M h
j
t . Note that B0 = X, where X is the inital cash that the portfolio manager invests in the market
M. Then, a objective function could simply be to maximize E(BT ).
However, in our case we will state a more complex constraint. It is true that the wealth in intermediate stages
is controlled by the Value at Risk constraint in order to not to be in an extrem situation. Nonetheless, we are
interested in having a little bit of less wealth at T if that ensures that we have more control about the ups and
downs of the wealth during the intermediate stages. For this reason, we introduce this objective function:
max E[BT −
T∑
t=1
Zt(Bt −Bt−1)]
Here, Zt is an adaptive binary variable which is 0 if Bt − Bt−1 ≥ 0 and is 1 if Bt − Bt−1 < 0, so we are
discounting to the total wealth at the final stage BT all the decrements in the value of the portfolio between
different stages.
4.4.7 The complete multistage stochastic programming model for IBEX35
With all the constraints and the objective function defined in the last subsections, we put together the pieces
in order to write the whole model, which looks as follows:
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max E[BT −
T∑
t=1
Zt(Bt −Bt−1]
subject to hjt = R
j
th
j
t−1 + p
j
t − sjt ∀j ∈M ∀t ∈ {1, ..., T}
and mt ≤ h0t ∀t ∈ {1, ..., T}
ljt ≤ hjt ≤ ujt ∀j ∈M ∀t ∈ {1, ..., T}
P (
∑
j∈M
hjt ≤ Pneg) ≤ α ∀t ∈ {1, ..., T}
hj,s1t = h
j,s2
t ∀s1, s2 ∈ {1, ..., S} s.t. ξt,s1 = ξt,s2
pj,s1t = p
j,s2
t ∀s1, s2 ∈ {1, ..., S} s.t. ξt,s1 = ξt,s2
sj,s1t = s
j,s2
t ∀s1, s2 ∈ {1, ..., S} s.t. ξt,s1 = ξt,s2
where Zt =

0 if Bt −Bt−1 ≥ 0
1 if Bt −Bt−1 < 0
and B0 = X
The input data should be continuous because of the nature of the return. In this case, we must get rid of the
nonanticipativity constraints unless we want to considerate an infinite dimensional stochastic model. However,
for the sake of academic purposes, we can assume that the return vector ξt will contain discrete variables by
doing a meshing procedure in the continuous return variables.
Thankfully, the problem is linear. The only thing that creates problems is the probabilistic constraint about
the Value at Risk, but if we convert it into a deterministic constraint by the quantile function (as we did before
in the thesis), then the quantile function will depend only in α, which is a fixed value set before running the
model, so it will be indeed a number and the rest of the Value at Risk constraint will be linear.
In any case, even if we assume the model to be discrete and linear in order to solve it through scenario generation
and the discretization that was shown in the previous section, we will find that this is a very complicated problem.
There are a lot of variable, a lot of constraints and generating scenarios will not be easy because of the nature
of the ξt vector, and if the scenario generation is completed, a huge amount of data will need to be stored which
needs a high-performing software in order to give a solution in a fair amount of time. So this model makes
sense in theory but in practice we would need to expand our knowledge in the available techniques to solve this
problem. Modelling and solving a multistage stochastic program, even if it is discrete and linear, is an advanced
level task that might be done in a Master thesis, like in the case of the reference [17], which was the one that
inspired this section.
Chapter 5
Conclusions
The conclusions of this thesis have to be made in regard of the initial motivations and goals and from all the
concepts that have finally been displayed through the thesis. The three initial goals have been achieved, since:
1. It has been proven with a detailed problem with a exhaustive Monte Carlo simulation that bringing
uncertainty to a deterministic model makes it more realistic and brings reliability.
2. It has been reproduced in a constructive way the basic core theory about Financial Portfolio Management
through the Markowitz model (which was the birth of Modern Portfolio Theory), showing all the ideas
and concepts underlying on it. In addition, a numerical application has been performed to show how the
model works. In addition, Black-Litterman model has been introduced as an alternative to Markowitz
model, which demands too much data that can be unknown or difficult to estimate.
3. The basic features and general formulation of the advanced stochastic models has been provided, with
a practical example (which is the one shown in the first specified goal) in order to fully understand the
elements in the generic model and its notation. In addition, a practical case of modelling has been in order
to create a Financial Portfolio Management model with multistage stochastic programming techniques.
Finally, with all the content of this thesis, I have given to the reader and to myself knowledge that hasn’t been
covered in the syllabus of any subject of the Mathematics degree, with the aim of being useful to anyone that
kindly wants to have a look at my work.
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Appendix
6.1 Repository of all the virtual content of this thesis
In order to make work simpler for you and if anyone is interested in some of the virtual contents of my thesis,
all the material discussed here has been stored in my Dropbox account, which can be accessed by clicking in
the following link.
In that folder, you will find:
• TFG-RamonCelma.pdf A .pdf file of this thesis.
• TFG-RamonCelma.zip A .zip file in where you can find the .tex LaTeX code of this thesis and all the
images and files in order to compile it.
• EjercicioSantanderTFG.csv A .csv file that stores the information used in Banco Santander shares
problem.
• ModellingAndMonteCarlo.R The .R code that has been used in the Example of the Banco Santander
shares.
• InputIBEX35.csv A .csv file that stores the information used in Markowitz example.
• MarkowitzExample.R The .R code that has been used in the Markowitz example.
• MarkowitzZivot.R The R package designed by Eric Zivot which is called in the code above.
• BlackLittermanTQMF.xlsx An Excel file which includes a macro if you want to test the Black-
Litterman mode.
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The only thing which is not stored in that account is the bibliography, because I have attached full details in
the Reference section, where you can find even Internet adresses if the resource is on the net.
6.2 The broker problem with Banco Santander shares
For the problem described in (2.4), it has been used the following data:
6.3 R code for the random variable modelling and Monte Carlo
simulation
# Stochastic Optimization Applied to Financial Portfolio Management
# Degree in Mathematics - Polytechnic University of Catalonia
# Alumno: Ramon CELMA CERCADILLO
#### D E S C R I P T I O N ####
# This code simulates the problem of Banco Santander shares,
# giving an estimation of the demand as many time T as the
# user wants. After that, for every iteration from 1 to T, a
# comparison between the deterministic and stochastic models
# is done in order to show which one is the best.
6.3. R code for the random variable modelling and Monte Carlo simulation 59
####
Data <- read.csv("EjercicioSantanderTFG.csv", sep = ";")
Demand <- t(Data[1:255, 4])
Demand <- as.numeric(gsub(",", ".", Demand))
Demand <- Demand[Demand < 1]
library(fitdistrplus) #install.packages("fitdistrplus")
library(logspline) #install.packages("logspline")
descdist(Demand, discrete = FALSE, boot = 200)
fit.norm <- fitdist(Demand, "norm")
fit.weibull <- fitdist(Demand, "weibull", lower = c(0, 0))
fit.beta <- fitdist(Demand, "beta")
fit.gamma <- fitdist(Demand, "gamma")
fit.unif <- fitdist(Demand, "unif")
fit.logis <- fitdist(Demand, "logis")
fit.exp <- fitdist(Demand, "exp")
fit.lnorm <- fitdist(Demand, "lnorm")
plot(fit.norm)
plot(fit.weibull)
plot(fit.beta)
plot(fit.gamma)
plot(fit.unif)
plot(fit.logis)
plot(fit.exp)
plot(fit.lnorm)
fit.norm$aic
fit.weibull$aic
fit.beta$aic
fit.gamma$aic
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fit.unif$aic
fit.logis$aic
fit.exp$aic
fit.lnorm$aic
# Once we checked that the lognormal distribution
# is the one that fits the best with our data,
# we perform a Monte Carlo method:
n.sims <- 1000000 #Number of simulations
A <- 1000 #Total number of investors
P <- 6.48 #Purchase price
a <- 0.02 #Broker comission
S <- 6.42 #Sale price
betsto <- 0
betdet <-0
PnLsto <-0
PnLdet <- 0
PnLvsto <- c(1:n.sims)
PnLvdet <- c(1:n.sims)
benefvsto <- c(1:n.sims)
benefvdet <- c(1:n.sims)
for(i in 1:n.sims) {
x <- rlnorm(1, meanlog= fit.lnorm$estimate["meanlog"],
sdlog = fit.lnorm$estimate["sdlog"])
if (0.211014 <= x) {
stovalue <- a*0.211014*1000
PnLsto <- PnLsto + stovalue
}
else {
stovalue <- (S-P)*0.211014*1000 + (P+a-S)*x*1000
PnLsto <- PnLsto + stovalue
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}
if (0.287207 <= x) {
detvalue <- a*0.287207*1000
PnLdet <- PnLdet + detvalue
}
else {
detvalue <- (S-P)*0.287207*1000 + (P+a-S)*x*1000
PnLdet <- PnLdet + detvalue
}
if (detvalue >= stovalue) {
betdet <- betdet + 1
}
else {
betsto <- betsto + 1
}
benefvsto[i] <- stovalue
benefvdet[i] <- detvalue
PnLvsto[i] <- PnLsto
PnLvdet[i] <- PnLdet
}
betdet
betsto
PnLdet
PnLsto
summary(benefvdet)
summary(benefvsto)
hist(benefvdet, main="Histogram of the deterministic model",
xlab="Benefits in a particular iteration per share", ylab="Frequency")
hist(benefvsto, main="Histogram of the stochastic model",
xlab="PnL with the stochastic model", ylab="Frequency")
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6.4 R code for the Markowitz model
# Stochastic Optimization Applied to Financial Portfolio Management
# Degree in Mathematics - Polytechnic University of Catalonia
# Alumno: Ramon CELMA CERCADILLO
#### D E S C R I P T I O N ####
# This code executes the Markowitz and Black-Litterman models
# for the case of all the assets considered in the IBEX 35 stock
# market index and their returns from the 11st of February 2015
# until the 4th of October 2015
####
Data <- read.csv("InputIBEX35.csv", sep = ",")
names(Data) <- c("Date","ABE.MC","ABG-P.MC","ACS.MC","ACX.MC"
,"AENA.MC","AMS.MC","ANA.MC","BBVA.MC","BKIA.MC","BKT.MC",
"CABK.MC","DIA.MC","ELE.MC","ENG.MC","FCC.MC","FER.MC",
"GAM.MC","GAS.MC","GRF.MC","IAG.MC","IBE.MC","IDR.MC","ITX.MC",
"MAP.MC","MTS.MC","OHL.MC","POP.MC","REE.MC","REP.MC","SAB.MC",
"SAN.MC","SCYR.MC","TEF.MC","TL5.MC","TRE.MC")
options(scipen=999) #Avoid exponential notation
colMeans(Data[1:164, 2:36]) #Show the means per each asset
options(scipen=5) #Enable exponential notation again
source("MarkowitzZivot.R")
VectorExpectedReturns <- t(colMeans(Data[1:164, 2:36]))
MatrixCovariances <- cov(Data[1:164, 2:36])
plot(efficient.frontier(er = VectorExpectedReturns,
cov.mat = MatrixCovariances,
nport=100, alpha.min = -20, alpha.max = 20))
globalMinPortfolio <- globalMin.portfolio(VectorExpectedReturns,
MatrixCovariances)
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names(globalMinPortfolio$weights) <- c("ABE.MC","ABG-P.MC","ACS.MC",
"ACX.MC","AENA.MC","AMS.MC","ANA.MC","BBVA.MC","BKIA.MC","BKT.MC",
"CABK.MC","DIA.MC","ELE.MC","ENG.MC","FCC.MC","FER.MC","GAM.MC",
"GAS.MC","GRF.MC","IAG.MC","IBE.MC","IDR.MC","ITX.MC","MAP.MC",
"MTS.MC","OHL.MC","POP.MC","REE.MC","REP.MC","SAB.MC","SAN.MC",
"SCYR.MC","TEF.MC","TL5.MC","TRE.MC")
barplot(globalMinPortfolio$weights,main="Weights of the global
minimum variance portfolio",
ylab="Weight value",xlab="",las=2)
TangencyPortfolio <- tangency.portfolio(VectorExpectedReturns,
MatrixCovariances, 0.00031)
names(TangencyPortfolio$weights) <- c("ABE.MC","ABG-P.MC",
"ACS.MC","ACX.MC","AENA.MC","AMS.MC","ANA.MC","BBVA.MC",
"BKIA.MC","BKT.MC","CABK.MC","DIA.MC","ELE.MC","ENG.MC","FCC.MC",
"FER.MC","GAM.MC","GAS.MC","GRF.MC","IAG.MC","IBE.MC","IDR.MC",
"ITX.MC","MAP.MC","MTS.MC","OHL.MC","POP.MC","REE.MC","REP.MC",
"SAB.MC","SAN.MC","SCYR.MC","TEF.MC","TL5.MC","TRE.MC")
barplot(TangencyPortfolio$weights,main="Weights of the
tangency portfolio",ylab="Weight value"
,xlab="",las=2)
plot(efficient.frontier(er = VectorExpectedReturns,
cov.mat = MatrixCovariances, nport=100,
alpha.min = -20, alpha.max = 20))
abline(a = 0.00031, b =0.49618731595, col=3)
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